
GENERAL RELATIVITY HOMEWORK – WEEK 4

Exercise 1. Consider the Lagrangian of a charged scalar field coupled to electromagnetism:

L[Φ, Aµ] = −DµΦ̄D
µΦ−m2Φ̄Φ− 1

4
FµνF

µν , (1)

where:

DµΦ ≡ (∂µ − iqAµ)Φ ; DµΦ̄ ≡ (∂µ + iqAµ)Φ̄ ; Fµν ≡ 2∂[µAν] . (2)

Derive from this Lagrangian the field equations for Φ and for Aµ. What is the current Jµ

that appears in the field equation for Aµ?

Exercise 2. The Lie derivative along a vector field vµ is defined on scalars and vectors as:

Lvf = vµ∂µf ; Lvw
µ = vν∂νw

µ − wν∂νv
µ . (3)

Using these and the Leibnitz rule for the derivatives of products, work out the formulas for

Lvuµ (Lie derivative of a covector) and Lvgµν (Lie derivative of a rank-2 tensor with lower

indices).

1


