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running since 1927…
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My interests…
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Quantum foundations: entanglement, nonlocality, “non-classicality” 

High-dimensional quantum information (the discrete variable kind)

Photonic quantum technologies 

Science communication

Science diplomacy
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Information is physical—information is carried by physical systems. 

Different physical systems have different rules.



Plan…
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Some remarks on entanglement and nonseparability

Introduce dits and qudits

Introduce entanglement

Communications tasks: how are dits and qudits similar, and different

Introduce high-dimensional entanglement 



The Bit

10electricalfundablog.com, moaid.codes, spectator.com.au, quantum-field-theory.net 

The simplest classical system is the two-state system–the bit.  

+1 -1 qubits



The Dit
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Dit is a classical system that has d-possible states.

National Geographic

Blatt and Wineland, Nature 2008

qudits



Example: Trapped ion qudit 
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How to make qubits/qudits with light?

13rp-photonics.com

polarisation
wavelength/frequency

time bins

transverse mode/shape
  (OAM/twisted light)



• Examples: spin, superconducting, ions, neutral atoms

• Qubits are fixed in place
• Time-dependent controls are switched on and off in a 

particular order

• Closer to conventional silicon computer

Aside: matter-based vs photonic quantum computer
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• Example: photons, electromagnetic field

• Pulses of light moving through fibres or 
waveguides

• Entangled qubits are continuously created and 
measured.

• Closer to an all-optical network.

matter
PsiQuantum

photonic

IBM



Aside: matter is different from photonic
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For matter: the physical qubits 
“live” on the chip. time

For photonic: the physical qubits are 
generated and consumed all the time.

Google



Using photonic qudits (for quantum communication, quantum 
information in general) is a double-edged sword
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Metric Qubits Qudits

Information capacity 1 bit per photon log2d bits per photon ✅

Noise tolerance/
QBER threshold

11% (BB84) 18-20% for d=4 ✅

Bell inequality 
violation

CHSH-type CGLMP-type, stronger violations 
for better for device-independent 
QKD

✅

Detector requirements 2 detectors per basis d detectors per basis ❌

Loss resilience 1 photon lost=
1 bit lost

1 photon lost=log2d bits lost ❌

Erhard et al, Light Sci Appl 7 17146(2018)
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Metric Qubits Qudits

Hardware complexity mature, relatively 
simple

multi-path interferometers, mode 
sorters, which can be more 
complex and lossy

🤓

Experimental maturity Commercial QKD 
systems available, 
deployed worldwide

lab and field demonstrations (e.g. 
145 km fibre for ququart, d=4, 
Vagniluca et al., Phys. Rev. Applied 
14, 014051 2020)

🤓

Integration potential already integrated 
(silicon and TFLN 
platforms)

relatively new, feasible for 
moderate values of d

🤓

Use in networks and 
repeaters

well-studied not well-studied 🤓

Using photonic qudits (for quantum communication, quantum 
information in general) is a double-edged sword
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Dits (trit, d=3)

0 1 2

Qudits (qutrit, d=3)

complex coefficients

d=number of simultaneously distinguishable states

Probability
(real 
numbers)

Probability
(modulus 
squared)

We have a “pure state” when we 
can specify the vector with certainty.

Pure states are specified by vectors.

Dits and qudits 



Dits and qudits can also be mixtures
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After fixing an orthonormal basis, we can write the density matrix:

The density matrix is Hermitean, 
non-negative, and its trace is 1. 

The density matrix of dits and qudits differ in their off-diagonal elements 
(coherence).

Probabilities:

For dits, the off-diagonal elements are 0. 



The dit space is in the qudit space
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The dit corresponds to the restriction to use pure states in some fixed 
orthonormal basis and their mixtures.

The density matrix of a qudit in a pure state is: 

The density matrix (operator)
 for qudits is given by: 

pure state if:

Qudits have off-diagonal elements 
(coherence).



True or False: The density operator shown is a maximally mixed state.

Exercise 1 (5-ish minutes):
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Plan…
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Some remarks on entanglement and nonseparability

Introduce dits and qudits

Introduce entanglement

Communications tasks: how are dits and qudits similar, and different

Introduce high-dimensional entanglement 



Qudit measurements
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Projective measurements– reading one dit from a qudit

Holevo bound- one qudit can encode at most one dit of information.

The number of projective measurements cannot exceed d, j<d.

Assign to every outcome j, a positive operator M(j), j can be greater than d

The set of operators M form a POVM. M(j) is Hermitean and positive, and  

Some elements in M can be non-commuting (incompatible). 

More generally…

orthonormal



Aside: Naimark’s (dilation) theorem
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The outcome of a POVM can be simulated with a projective measurement in a 
suitable higher-dimensional space.

quantum.cloud.ibm.com



Communciation tasks with dits and qudits
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1. Minimum error communication

2. Communication of uniform partial ignorance

3. Random sequences with non-overlaps

(I’ll use the board now…)

Heinosaari and Hillery,  Contemporary Physics 65 (2024)



Communciation taks with dits and qudits: summary
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1. Minimum error communication

2. Communication of uniform partial ignorance

3. Random sequences with non-overlaps

no qubit/qudit advantage

not possible with a bit/dit
The minimum classical and quantum dimension for some 
communication tasks differ.

The minimum qudit dimension for some tasks is greater than 2 
(tasks not possible with a qubit).

There are some interesting open questions.

can be applied to authentication
Heinosaari and Hillery,  Contemporary Physics 65 (2024)
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Not this entanglement…

28

V. Sattui (Napa Valley)



Nobel Prize in Physics 2022

ISS2025 29

for experiments with entangled photons, 
establishing the violation of Bell inequalities and pioneering 

quantum information science

Alan Aspect John Clauser Anton Zeilinger
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Alan Aspect

John Clauser

Anton Zeilinger

Mary Bell



Nobel Prize in Physics 2022

ISS2025 31

for experiments with entangled photons, 
establishing the violation of Bell inequalities and pioneering 

quantum information science

Alan Aspect John Clauser Anton Zeilinger



Entanglement 
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Correlations that escape classical (common sense) explanation 

Repeating this experiment with randomly 
correlated, ordinary balls, Alice and Bob 
can make a correlated list.

Repeating this experiment with identical 
entangled balls, Alice and Bob can make a 
correlated list…

…but the correlation comes from superposition.



Entanglement
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superposition

superposition of 
superpositions

number 
of parts

Superposition of superpositions 

number of 
outcomes in 
each part



Entanglement

34

The state of one one part can no longer be separated from the other part.

In addition to being correlated in colour, the quantum objects can also be correlated in their shape.

Alice and Bob can choose to measure either the colour or the shape.

If Alice and Bob both choose to measure the same property (either colour or shape), they will always get 
the correlated results. 

If Alice chooses to measure colour,  but Bob chooses to measure shape, Bob will see either a ball or a cube, 
his results are random. 

If Alice chooses to measure shape,  but Bob chooses to measure colour, Bob will see either red or blue, 
his results are random. 

The state of Bob’s object cannot be separated anymore from the state of Alice’s object—these 
objects are entangled, no classical counterpart!
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Einstein, Podolsky, Rosen 1935 – QM is incomplete

While we have shown quantum mechanics does not provide a complete description of 
the physical reality, we left open the question of whether or not such a description exists. 
We believe however,  that such a theory is possible.



Bell 1964: Can local hidden variables explain quantum correlations? 
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Realism: Measurement results are determined by “hidden variables” that exist prior to and independent of the 
experimental situation. 

Locality: Results obtained at one location are independent of any measurements, or actions at another location.

Freedom of choice: Experimenters are free to choose which measurements to perform.

These  assumptions are incompatible with 
quantum mechanics. 



38John Bell

Bell’s inequality

Let a complete specification be 
parametrised by hidden variables: 

Measurement outcomes: 

Correlation (product of expectation values): 

If there is perfect correlation such that: 

(Original) Bell’s inequality:

Correlations due to local hidden variables follow Bell’s inequality. 

Because correlations predicted by quantum mechanics do not 
follow Bell’s inequality, no local hidden variable theory would be 
able to reproduce the predictions of quantum mechanics.



[Presentation Title] | [Date] 39John Bell

Bell’s inequality

Let a complete specification be 
parametrised by hidden variables: 

Measurement outcomes: 
Correlation (product of expectation 
values: 

If there is perfect correlation such that: 

(Original) Bell’s inequality:

Unrealistic!

John Clauser

Clauser, Horne, Shimony, Holt , PRL 1969

Correlations due to local hidden variables follow Bell’s inequality. 

Because correlations predicted by quantum mechanics do not 
follow Bell’s inequality, no local hidden variable theory would be 
able to reproduce the predictions of quantum mechanics.

CHSH version: 



Bell’s inequality

40

Bell parameter:



1972: Bell inequality violation in photons 
entangled in their polarisation

41

Local hidden variable theories cannot explain quantum correlations. 
The correlations measured agree with quantum mechanics.

Gisin’s theorem: All entangled pure state of two qubits violate a Bell inequality.

Gisin, Phys. Lett. A, 154 (1991)



Aside: Beyond Tsirelson bound correlations (?)

42

0 π/2 3π/2π 2π
θΒ

Co
in

ci
de

nc
es

 in
 1

5 
s

Peak-norm
alised counts

0 π/2 3π/2π 2π
∆θ

−4

−2

0

2

4

B
el

l P
ar

am
et

er
, S

(a)

(b)

θΑ= 0 θΑ= 3π/4 



Aside: ”Photon” was a controversial word

[Presentation Title] | [Date] 43

Willis Lamb
Nobel 1955



Aside: ”Photon” was a controversial word
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46Optics and Photonics News, Jan 2022



High-dimensional entanglement: many qubits
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Greenberger-Horne-Zeilinger 
(GHZ) states:

The 2-qubit states are the Bell states. Local operations on one qubit 
allows transformation from one Bell state to another.

Dür-Vidal-Cirac (W) states:

Example: 3-qubit states

For systems with more than 2 qubits, it is not usually the case that local 
operations allows transformations from one entangled state to another.



Which 3-qubit entangled state is resilient to qubit loss, i.e. the state remains entangled even  if 
one qubit is lost. 

Exercise 2 (5-ish minutes)

48



GHZ state: goodbye elements of reality
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For an entangled pair of qubits, Bell’s inequality shows how “elements 
of reality” (hidden variables) are incompatible with quantum mechanics.

GHZ states also demonstrate “elements of reality” are incompatible 
with quantum mechanics.  (…back to the board…)

GHZ states demonstration is better in that “elements of reality” can be shown 
to be incompatible with quantum mechanics in one run of the experiment.



High-dimensional entanglement: many qubits

50

3-particle entanglement

GHZ state

W state

4-particle entanglement



High-dimensional entanglement: two or more qudits
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Certifying entanglement via quantum 
state tomography becomes impractical 
quickly.

Certifying entanglement via entanglement 
witnesses, and putting a lower bound to 
dimensionality,  are more practical and will 
be necessary.

Counterpart to the Bell inequality:
Collin, Gisin, Linden, Massar, Popescu 
(CGLMP) inequality.

Collins et a. Phys. Rev. Lett. 040404 (2002)



Entanglement and Schmidt decomposition
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The Schmidt decomposition of an entangled state into orthornomal bases {un} and {vn}:

r is the rank of the Schmidt decomposition 
(number of nonzero coefficients).

Mathematicians/engineers call Schmidt decomposition singular value 
decomposition (SVD). 

The dimensionality of two-qudit entanglement is given by the Schmidt rank (d x d 
entanglement).



CGLMP Inequality (2 x 2 x d scenario)
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Collins et al. Phys. Rev. Lett. 040404 (2002)
Zoren and Gill, Phys. Rev. Lett. 120406 (2008)

Alice chooses to 
measure A1 or A2, 
each with d possible 
outcomes.

Bob chooses to 
measure B1 or B2, 
each with d possible 
outcomes.

Joint probability of outcomes 𝑖 for Alice and 𝑗 for Bob, 𝑖, 𝑗	 ∈ {0…𝑑 − 1}
given Alice chose Aa and Bob chose Bb , 𝑎, 𝑏	 ∈ {1,2}

quantum prediction:
 
local hidden variable 
prediction:
 



CGLMP Inequality (2 x 2 x d scenario)
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Collins et al. Phys. Rev. Lett. 040404 (2002)
Zoren and Gill, Phys. Rev. Lett. 120406 (2008)

𝑖, 𝑗	 ∈ {0…𝑑 − 1} 𝑎, 𝑏	 ∈ {1,2}

(simplified) CGLMP inequality:
 

where,
 



CGLMP Inequality (2 x 2 x d scenario)
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Latex it this

(conjecture) measurements to maximally violate the CGLMP inequality with 
maximally entangled states:
 

Numerically, one can optimise over measurements and and entangled states.
 

Collins et al. Phys. Rev. Lett. 040404 (2002)
Zoren and Gill, Phys. Rev. Lett. 120406 (2008)



CGLMP Inequality (2 x 2 x d scenario)
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The conjecture on what the optimal 
measurements seems to hold.

The optimal state for maximum 
violation is not the maximally 
entangled state.

Collins et al. Phys. Rev. Lett. 040404 (2002)
Zoren and Gill, Phys. Rev. Lett. 120406 (2008)



CGLMP Inequality (2 x 2 x d scenario)
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Collins et al., Phys. Rev. Lett. 040404 (2002)
Zoren and Gill, Phys. Rev. Lett. 120406 (2008)
Cai et al., J. Phys. A, 305301 (2016)

Maximal violations of the (CHSH)-Bell inequality are demonstrated by using 
maximally entangled states of qubits.

Maximal violations of the CGLMP inequality are demonstrated by using
non-maximally entangled states of qubits.

With entangled qudits, nonlocality and entanglement as signatures of 
nonclassicality are clearly separated.

entanglementnonlocality

CGLMP inequality can be used as a 
device-independent dimension witness.



Mehul’s a bit less elegant, but it works, and it is convenient because after you have identified the two 
bases, you can certify. 

Entanglement and dimension witnesses (2 x 2 x d scenario)
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separable 
states

entangled states

for entangled states

d < D

entangled states

for d x d entangled states

Cai et al., J. Phys. A, 305301 (2016)



Entanglement and dimension witnesses (2 x 2 x d scenario)
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If there is some knowledge of the state, e.g. that the state is pure, or close to 
pure state, ⟩|Φ  or a dephasing of ⟩|Φ , the fidelity of state 𝜌 can be bounded 
from below:

Bavaresco et al., Nature Phys. 14, 1032 (2018)

Inequality is satisfied by states with Schmidt rank k or less, if the fidelity is 
greater, the system has local dimension of at least k+1.

“tilted”
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Entanglement and nonseparability: quantum and classical

61

Quantum entanglement refers only to statistical correlations between 
measurement outcomes on two partitions of the Hilbert space.

Single excitation shared 
by 2 mode functions 

Single particle 
undergoing 2 
excitations

physical mathematical

Korolkova et al., Philosophical Trans. A. 382, 28227 (2024)



Nonseparability
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Mode functions in optics 
are “frames of excitation”

1,2, refer to DOFs;
k,k’ and l,l’ refer to 
mode functions

Nonseparable,
“classical 
entanglement”

Korolkova et al., Philosophical Trans. A. 382, 28227 (2024)



Entanglement is about “decisive” nonseparability
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Entanglement requires nonseparability that leads 
to statistically correlated quantum measurements.

There is a deterministic correlation between the 
filtering (which is unitary) and the measurement 
outcome. 

There is a single measurement outcome based on 
some choice of k. 

Korolkova et al., Philosophical Trans. A. 382, 28227 (2024)



Introduce high-dimensional entanglement 

Introduce entanglement

Plan…
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Some remarks on entanglement and nonseparability

Introduce dits and qudits

• Entanglement is a superposition of superpositions.

Communications tasks: how are dits and qudits similar, and different

• High-dimensional entanglement offers a bigger playground for quantum 
foundations and quantum technologies. CGLMP violations are more robust.

Take home…

• Qudits are described by complex numbers in vectors or matrices.  
    Using qudits is a double-edged sword.

• Measuring a qudit results to one dit, same as measuring a dit, but, there 
are communication tasks where qudits can give advantage over using dits. 

• Entanglement is not just nonseparability, two measurements are 
required. (This is a subtlety that is most relevant to photons, which has 
many accessible modes.)


