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ABSTRACT. A recent article [LL] considered fully nonlinear contraction of convex hy-
persurfaces by certain nonhomogeneous functions of curvature, showing convergence to
points in finite time in cases where the speed is a function of a degree-one homogeneous,
concave and inverse concave function of the principle curvatures. In this article we con-
sider self-similar solutions to these and related curvature flows that are not homogeneous
in the principle curvatures, finding various situations where curvature pinched, convex,
mean-convex or even general closed hypersurfaces contracting self-similarly are necessar-
ily spheres.

1. INTRODUCTION

In [M], the author considered contracting self-similar solutions of fully nonlinear cur-
vature contraction flows whose speeds were homogeneous functions of the principle cur-
vatures. This work extended earlier results of Huisken for the mean curvature flow [H2],
where it was shown that a compact hypersurface with nonnegative mean curvature con-
tracting self-similarly under the mean curvature flow is necessarily a sphere. In the case of
surfaces of dimension 2, the condition of nonnegative mean curvature was replaced by the
requirements that the surface be embedded and have genus 0 by Brendle [B].

For a survey of more general self-similar shrinkers of the mean curvature flow we refer
to [DLN]. For other flows, we refer the reader to the discussion in [M], noting that few
results are available apart from those for flows by powers of the Gauss curvature. Let us
here briefly update recent developments. In [MMW] the author, together with Mofarreh
and V-M Wheeler extended the results of [A2] for self-similar surfaces to the case of ax-
ially symmetric hypersurfaces. In [BCD], the authors proved that closed, strictly convex
hypersurfaces contracting self-similarly by powers α ≥ 1

n+2 of the Gauss curvature are
spheres if the inequality is strict, or ellipses in the equality case (see also [CD] for some
powers). This removes the extra conditions of [M, MMW] required to conclude the hy-
persurfaces are spheres in this case. The result was also shown slightly earlier with an
additional symmetry assumption in [AGN].

The result of [BCD] was generalised to powers α ≥ 1
k of the elementary symmetric

functions σk of the principle curvatures, 1≤ k ≤ n−1 in [GLM], showing closed, strictly
convex hypersurfaces contracting self-similarly must be round spheres. Further generalisa-

tions are in [C] to speeds
(

σn
σn−k

)α

for α > 1
k and in [CG] to speeds

(
σk
σ`

)α

for 0≤ `< k < n
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and α > 1
k−` . There are also some results for closed self-similar hypersurfaces in other

ambient spaces (eg [GM]) and for higher order curvature flows such as the curve diffusion
flow [EGBM+]. We will not discuss these settings further here, nor other interesting re-
lated problems including other types of self-similarity and the case of self-similar evolving
curves.

The structure of this article is as follows. In Section 2 we set up the problem, state our
main result and describe the structure conditions on the flow speed. We give some example
speeds that fit our requirements, we provide some geometric estimates that are needed
in the later sections and we give the general structure of the geomtric partial differential
equation that is at the heart of establishing our results. In the subsequent sections we
provide proofs of the main result in each of the cases of particular conditions on the speed.

2. PRELIMINARIES

Let M0 be a compact, convex hypersurface of dimension n ≥ 2, without boundary,
smoothly embedded in Rn+1 and represented by some diffeomorphism X0 : Sn→ X0 (Sn) =
M0 ⊂ Rn+1. We consider the family of maps Xt = X (·, t) evolving according to

∂

∂ t
X (x, t) =−Φ(F (W (x, t)))ν (x, t) x ∈ Sn, 0 < t ≤ T ≤ ∞

X (·,0) = X0,
(1)

where W (x, t) is the matrix of the Weingarten map of Mt = Xt (Sn) at the point Xt (x) and
ν (x, t) is the outer unit normal to Mt at Xt (x).

We will shortly describe the properties of the functions F and Φ in detail but for now
let us first note that Φ is a positive function so (1) is a contraction flow. In this article we
are specifically interested in hypersurfaces that contract self-similarly, that is

(2) X (x, t) = ψ (t)X (x,0) ,

for some nonnegative, monotone decreasing function ψ with ψ (0) = 1. As Φ and F will
have properties ensuring that (1) parabolic, exterior and interior spheres evolving coinci-
dently with X remain disjoint to Mt and provide estimates above and below on the maximal
existence time T . In our setting the exterior shrinking sphere gives an estimate from above
on the time by which the function ψ (t) has decreased to zero.

To our knowledge, previous work on self-similar contracting hypersurfaces has always
used ‘separation of variables’ to solve an ordinary differential equation for ψ and then work
with the corresponding elliptic equations for geometric quantities associated M0 to deduce
the potential shapes that contract self-similarly. This relies crucially on homogeneity of the
speed. As our speeds generally are not homogeneous we cannot perform separation of vari-
ables so we have to keep all factors of ψ and its derivative in our equations. Specifically,
differentiating (2) with respect to t

∂X
∂ t

(x, t) = ψ
′ (t)X (x,0) ,

where we will use ′ to denote the derivative of a function of one variable. Substituting this
into (1) we obtain

ψ
′ (t)X (x,0) =−Φ

(
F
(

1
ψ (t)

W (x,0)
))

ν (x,0)
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where we have used that, in view of (2)

W (x, t) =
1

ψ (t)
W (x,0) .

and ν (x, t) = ν (x,0). Taking now the inner product with ν (x,0) we obtain our equation
for self-similar hypersurfaces in this setting:

(3) 〈X (x,0) ,ν (x,0)〉=− 1
ψ ′ (t)

Φ

(
F
(

1
ψ (t)

W (x,0)
))

,

where we have divided through by ψ ′ (t) which is a positive function until the extinction
time T .

Now we describe the properties of the functions F and Φ. We denote by Γ+ the positive
cone, Γ+ = {κ = (κ1, . . . ,κn) : κi > 0 for all i = 1, . . . ,n}.

The function F should have the following properties:

Conditions 2.1.
a) F (W ) = f (κ (W )) where κ (W ) gives the eigenvalues of W and f is a smooth,

symmetric function defined on an open, symmetric cone Γ⊇ Γ+.
b) f is strictly increasing in each argument: ∂ f

∂κi
> 0 for each i = 1, . . . ,n at every

point of Γ.
c) f is homogeneous of degree one: f (kκ) = k f (κ) for any k > 0.
d) f is strictly positive on Γ and f (1, . . . ,1) = 1.

Remarks:
(1) Examples of F and their corresponding cones Γ are given in [M]. In this article we

do require M to be convex (to be able to establish signs on the additional terms that
arise in equations for geometric quantities), so the cones on which f are defined
are generally pinching cones of the form

Γε =
{

κ ∈ Γ
+ : κi ≥ εκ j

}
.

When ε = 1 all principle curvatures are equal and only spheres are possible.
Smaller ε corresponds to weaker curvature pinching.

(2) Often Conditions 2.1 are accompanied by an additional second derivative condi-
tion on f . We will prove our result under several sets of conditions, and mention a
second derivative condition on f where it is needed.

(3) In the case Φ(F) = Fα , α ≥ 1, self-similar solutions of (1) were considered in
[M] (with the axially symmetric hypersurface case considered in [MMW]). More
generally contraction flows of convex hypersurfaces with speeds F and Fα for
α > 0 have been widely considered; we refer the reader to [10] for example and
the references contained therein for general behaviour of such flows.

For our results we will require the function Φ : [0,∞)→ R to be at least twice dif-
ferentiable. For our various results we will require Conditions 2.2 a) to c) below; some
will require also d). Our requirements do not rule out the possibility that results might be
possible with different requirements on Φ (or indeed requirements on F) using different
approaches.

Conditions 2.2. a) Φ(0) = 0;
b) Φ′ (z)> 0 for all z > 0;
c) Φ′′ (z)≥ 0 for all z > 0,
d) For all z > 0, z |Φ′′ (z)| ≤ cΦ′ (z) for some constant c > 0;
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In particular, Condition b) is needed for parabolicity of (1); this is an essential require-
ment. Condition c), which implies also that Φ′ (z)z−Φ(z) ≥ 0 for all z > 0, is needed
to ensure certain terms in our equations have the correct sign for applying the maximum
principle. Condition d) is used in some cases to allow an unsigned derivative term to be
absorbed into a good term provided M is sufficiently curvature-pinched.

Remarks:
(1) The above conditions may be compared with some of those used in [BP, BS, LL]

where constrained curvature flows were considered.

(2) Some example functions Φ include
(a) Φ(z) = ∑

`
i=1 cizki , for constants ci > 0, ki > 0. We assume ` ∈ N\{1} as the

case `= 1 has been considered elsewhere. We have

Φ
′ (z) =

`

∑
i=1

ciki zki−1 and Φ
′′ (z) =

`

∑
i=1

ciki (ki−1) zki−2.

Conditions 2.2 a) and b) are clearly satisfied. For Φ′′ > 0 it is sufficient to
have ki ≥ 1 for all i. Since

zΦ
′′ (z) =

`

∑
i=1

ciki (ki−1) zki−1,

Condition 2.2 d) holds if we choose c = maxi (ki−1).

(b) Φp (z) = ln(1+ z)+ zp for any p ∈ (1,2].

(c) Φz0 (z) = (z+ z0) [ln(z+ z0)−1]+ z0 (1− lnz0).

(3) Because F is degree-one homogeneous, equation (3) may be rewritten as

(4) 〈X (x,0) ,ν (x,0)〉=− 1
ψ ′ (t)

Φ

(
1

ψ (t)
F (W (x,0))

)
.

However, since Φ is not homogeneous, we cannot bring the 1
ψ(t) factor outside Φ

to separate out the time variable and solve for ψ explicitly. Throughout the article
we will use the abbreviation z := 1

ψ(t)F (W (x,0)) to denote the argument of Φ and
its derivatives where they occur.

(4) In the case that M0 is a sphere of radius r, equation (4) becomes

r =− 1
ψ ′ (t)

Φ

(
1

r ψ (t)

)
with ψ (0) = 1, which is an ordinary differential equation for ψ that might or
might not be solvable explicitly depending on the form of Φ. For example, if
Φ(z) = z+ z3 and r = 1, the equation for ψ is

ψ
′ =−ψ

−1−ψ
−3;

with initial condition ψ (0) = 1 the solution can be written implicitly as

t =
1
2
(
1−ψ

2)+ 1
2

ln
(

1+ψ2

2

)
.
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We observe that ψ → 0 as t→ 1
2 (1− ln2).

Now we state our main theorem:

Theorem 2.3. Let M be a compact, convex, n-dimensional hypersurface, n ≥ 2, without
boundary. Suppose M satisfies equation (3) where F satisfies Conditions 2.1 and Φ satisfies
Conditions 2.2 respectively. Suppose one (or more) of the following hold

i) f is convex and Φ satisfies Conditions 2.2 d);
ii) f is concave and Φ satisfies Conditions 2.2 d);

iii) n = 2;
iv) M is axially symmetric.

If M is sufficiently curvature-pinched, in the sense that there exists an ε ∈ (0,1], depending
on F, such that the principal curvatures satisfy

κi ≥ εκ j

for all i, j = 1,2, . . . ,n, then M is necessarily a round sphere. If none of i) to iv) above
hold but Φ satisfies Condition 2.2 d) then the result also holds under a potentially-stronger
pinching condition.

Remark: In case iii) above, the pinching condition on M may be written explicitly as the
requirement that

κmax

κmin
≤ 1+

2Φ′

Φ′′F
holds everywhere on M. In case iv) there is a similar requirement on M:

κaxial
κrotational

≤ 1+
2Φ′

Φ′′F
.

These requirements on M can be thought of as a replacement for the structure condition on
Φ of the other cases.

While for general Φ these are conditions on M, it is easily checked that in the case
Φ(z) = zα for α ≥ 1 they reduce to the pinching requirements as found in the earlier
works [A2] and [MMW] respectively.

Let us now set up some notation, which is the same as that used elsewhere (egs [A2,
10, H2, M]). In particular, g =

{
gi j
}

, A =
{

hi j
}

and W =
{

hi
j

}
denote respectively the

metric, second fundamental form and Weingarten map of M. The mean curvature of M is

H = gi jhi j = hi
i

and the norm of the second fundamental form is

|A|2 = gi jglmhilh jm = h j
lh

l
j

where gi j is the (i, j)-entry of the inverse of the matrix (gi j). The norm of the trace-free
component of the second fundamental form,∣∣A0∣∣2 = |A|2− 1

n
H2 =

1
n ∑

i< j
(κi−κ j)

2 ,

is identically equal to zero when M is a sphere, and as in earlier work we will also set

C = κ
3
1 + . . .+κ

3
n ,
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where the letter C is chosen simply by convention. Throughout this paper we sum over
repeated indices from 1 to n unless otherwise indicated. Raised indices indicate contraction
with the metric.

We will denote by
(
Ḟkl
)

the matrix of first partial derivatives of F with respect to the
components of its argument:

∂

∂ s
F (A+ sB)

∣∣∣∣
s=0

= Ḟkl (A)Bkl .

Similarly for the second partial derivatives of F we write

∂ 2

∂ s2 F (A+ sB)
∣∣∣∣
s=0

= F̈kl,rs (A)BklBrs.

Throughout the article unless the argument is explicitly indicated we will always evaluate
partial derivatives of F at W and partial derivatives of f at κ (W ), where W is the Wein-
garten map of M =M0. We will further use the shortened notation ḟ i = ∂ f

∂κi
and f̈ i j = ∂ 2 f

∂κi∂κ j

where appropriate.
Now let us mention some geometric inequalities that will be needed in our analysis. In

view of homogeneity, it is not possible for f to be strictly convex or strictly concave, as its
Hessian has a zero eigenvalue in the radial direction. However, we do have

Lemma 2.4 (Lemma 7.12, [A1]). If F satisfies Conditions 2.1 and is strictly convex in
nonradial directions, then there exists C > 0 such that

F̈kl,rsBklBrs ≥C
|∇A|2

|A|
.

On the other hand, if F satisfies Conditions 2.1 and is strictly concave in nonradial direc-
tions, then there exists C > 0 such that

F̈kl,rsBklBrs ≤−C
|∇A|2

|A|
.

Proofs of the next result appears in [28].

Lemma 2.5.
i) If F satisfies Conditions 2.1 and F is convex (concave) at W , then at this W ,

|A|2 F− Ḟklhkmhm
lH ≤ (≥)0.

ii) If F satisfies Conditions 2.1 and F is convex at W , then at this W ,

FH−nḞklh m
k hml ≤ 0.

In the case where F satisfies no second derivative condition other than boundedness we
will also require the following geometric estimates for convex hypersurfaces.

Lemma 2.6. Let M be a closed, convex, n-dimensional hypersurface with pinched princi-
pal curvatures in the sense that, at every p ∈M,

(5) κi ≥ εκ j,

for all i, j = 1, . . . ,n. Then, at each p ∈M we also have:

(i)
∣∣A0
∣∣2 ≤ ( n−1

2

)
(1− ε)2 H2,

(ii) HC−
(
|A|2

)2
≥ ε2

n H2
∣∣A0
∣∣2 ,

(iii)
∣∣H∇ih jk−h jk∇iH

∣∣2 ≥ ( n−1
2n2

)
ε2H2 |∇A|2 .
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The first of the above inequalities follows by straightforward calculation. The second
was proved in [H1], while the third appears in [CRS] attributed to Huisken. Our constants
in (ii) and (iii) above are different because of our different definition of ε .

We complete this section with a useful equation for degree zero functions G(W ) of the
Weingarten map of M0. It follows from (4) by straightforward calculations as in [M], for
example. We set L = Ḟ i j∇i∇ j where ∇i denotes the covariant derivative in an orthonormal
frame {ei} on M.

Lemma 2.7. If the evolving Mt satisfies (3) then we have for any G(W ) smooth, degree-
zero homogeneous function,

(6) L G =
(

Ḟ i jG̈kl,rs− Ġi jF̈kl,rs
)

∇ihkl∇ jhrs−
ψ ψ ′

Φ′ (z)
〈X ,ek〉∇kG

− Φ′′ (z)
ψ Φ′ (z)

Ġi j
∇iF∇ jF +

ψ

Φ′ (z)

[
zΦ
′ (z)−Φ(z)

]
Ġi jh k

i hk j.

3. F CONVEX OR CONCAVE

If the convexity or concavity of F is strict in nonradial directions, a simpler proof fol-
lows so we consider these cases first. We use G = H

F in equation (6) and find

(7)

L

(
H
F

)
=− 1

F
F̈kl,rs

∇
ihkl∇ihrs−

2
F

Ḟkl
∇kF∇l

(
H
F

)
− 1

F2
Φ′′

Φ′ψ

(
F gi j−H Ḟ i j)

∇iF∇ jF

− ψ ψ ′

Φ′
〈X ,ek〉∇k

(
H
F

)
+

ψ

Φ′
(
zΦ
′−Φ

)(
|A|2 F− Ḟklh m

k hmlH
) 1

F2 .

Let us fix t in the interval of existence of the self-similar solution to (1) and consider (7)
as an elliptic equation on M. Since the F̈ term has a sign, we will be able to obtain a
contradiction to the elliptic maximum principle if we can obtain the same sign on the Φ′′

and zero order terms. It can be shown, however, that generally the Φ′′ term does not have
a sign, so we will have to absorb it into the F̈ term and this will require the curvature
pinching condition. Specifically, using Condition 2.2 d) we estimate

− 1
ψ

F
∣∣∣∣Φ′′( 1

ψ
F
)∣∣∣∣≤ cΦ

′
(

1
ψ

F
)

,

so for F convex we have

F̈kl,rs
∇

ihkl∇ihrs +
1
F

Φ′′

Φ′ψ

(
F gi j−H Ḟ i j)

∇iF∇ jF

≥C
|∇A|2

|A|
− 1

F
|Φ′′|
Φ′ψ

∣∣F gi j−H Ḟ i j∣∣ ∣∣Ḟ∣∣2 |∇A|2≥
(

C
|A|
− 1

F2 c
∣∣F gi j−H Ḟ i j∣∣ ∣∣Ḟ∣∣2) |∇A|2 ,

while for F concave we have

F̈kl,rs
∇

ihkl∇ihrs +
1
F

Φ′′

Φ′ψ

(
F gi j−H Ḟ i j)

∇iF∇ jF

≤−C
|∇A|2

|A|
+

1
F
|Φ′′|
Φ′ψ

∣∣F gi j−H Ḟ i j∣∣ ∣∣Ḟ∣∣2 |∇A|2≤
(
− C
|A|

+
1

F2 c
∣∣F gi j−H Ḟ i j∣∣ ∣∣Ḟ∣∣2) |∇A|2 .
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Noting that on a sphere
(
F gi j−H Ḟ i j

)
is identically equal to the zero matrix, in both

cases we can ensure the F̈ and Φ′′ terms in (7) when combined have a sign provided M is
sufficiently close to a sphere in the sense that

|A|
F2

∣∣F gi j−H Ḟ i j∣∣ ∣∣Ḟ∣∣2 ≤ C
c

.

For the zero order term, using a Taylor expansion of Φ about z and Condition 2.2, (a),

0 = Φ(0) = Φ(z)− zΦ
′ (z)+

1
2

Φ
′′ (z̃)z2,

for some z̃ between 0 and z. Thus

zΦ
′ (z)−Φ(z) =

1
2

Φ
′′ (z̃)

so if Φ′′ has a sign, then the sign of zΦ′ (z)−Φ(z) is the same. Recalling now Lemma 2.5
we see that again if Φ is convex the zero order term in (7) has the same sign as the F̈ term.

In view of Lemma 2.4, in either case we are now in the position to apply the strict el-
liptic maximum principle as in [M] to see that H

F is constant on M. Using again the second
derivative term and the estimate of Lemma 2.4 we obtain from (7) that H

F identically con-
stant on M implies |∇A| ≡ 0 and thus M is a sphere.

In the cases where the convexity or concavity of F is not strict in nonradial directions we
proceed as in [M] with different functions G. Functions of the form G = Q

F for degree-one
homogeneous and symmetric Q(W ) = q(κ) satisfy

(8) L G =
(

Ḟ i jQ̈kl,rs− Q̇i jF̈kl,rs
)

∇ihkl∇ jhrs−
2
F

Ḟ i j
∇iG∇ jF−

ψ ψ ′

Φ′ (z)
〈X ,ek〉∇kG

− Φ′′ (z)
ψ Φ′ (z)

Ġi j
∇iF∇ jF +

ψ

Φ′ (z)

[
zΦ
′ (z)−Φ(z)

]
Ġi jh k

i hk j.

In the case that F is concave but not strictly concave set Q = |A|. Then

∂q
∂κi

=
κi

|A|
> 0

so the F̈ term in (8) is positive. Moreover Q is strictly convex in nonradial directions,
so since Ḟ is positive definite and attains a minimum on M, we have, adopting suitable
coordinates

Ḟ i jQ̈kl,rs
∇ihkl∇ jhrs ≥min

j

(
min

M

∂ f
∂κ j

)
∑

i
Q̈kl,rs

∇ihkl∇ihrs ≥C
|∇A|2

|A|

again using Lemma 2.4. Further, for the zero order term in (8) we note that

Ġi jh k
i hk j =

1
F2 |A|

(
FC−|A|2 Ḟ i jh k

i hk j

)
≥ 0.

by Lemma 2.5. Thus the zero order term in (8) is also nonnegative since Φ is convex.
Finally the Φ′′ term in (8) can be absorbed by the Q̈ term in a similar way as before with
sufficient curvature pinching. Applying the elliptic maximum principle we conclude Q

F
is identically constant on M; (8) then implies |∇A| ≡ 0 from which we conclude M is a
sphere.
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The case of F convex but not strictly convex may be proven in a similar way using the
function Q = K which is strictly concave in nonradial directions. The Q̈ term can therefore
absorb the Φ′′ term by estimating as above, and in this case the zero order term in (8) is

ψ

Φ′ (z)

[
zΦ
′ (z)−Φ(z)

]
Ġi jh k

i hk j =
ψ

Φ′ (z)

[
zΦ
′ (z)−Φ(z)

] K
Fn+1

(
FH−nḞklh m

k hml

)
≤ 0

by Lemma 2.5, ii) and the fact that Φ is convex. �

4. THE CASES OF n = 2 AND M AXIALLY SYMMETRIC

Both these cases can be handled with the same function G; we will point out the dif-
ferences in each case where they arise. First let us write Lemma 2.7 in a slightly different
form: since

Φ′ (z)
ψ

(
Ḟ i jG̈kl,rs− Ġi jF̈kl,rs

)
∇ihkl∇ jhrs−

Φ′′ (z)
ψ Φ′ (z)

Ġi j
∇iF∇ jF

=
(

Φ̇
i jG̈kl,rs− Ġi j

Φ̈
kl,rs
)

∇ihkl∇ jhrs,

Lemma 2.7 may be rewritten as
(9)
L G =

(
Φ̇

i jG̈kl,rs− Ġi j
Φ̈

kl,rs
)

∇ihkl∇ jhrs−ψ
′ 〈X ,ek〉∇kG+

[
zΦ
′ (z)−Φ(z)

]
Ġi jh k

i hk j,

where L := Φ′(z)
ψ

Ḟ i j∇i∇ j.
For the axially symmetric case, let us denote by κ1 the curvature in the axial direction,

and κ2 the rotational curvature. We take G =
n|A0|2

H2 so the corresponding function g is (in
either case)

g(κ) =
(n−1)(κ1−κ2)

2

[κ1 +(n−1)κ2]
2 .

It is important to keep in mind that g is symmetric in (κ1,κ2) in the n = 2 case, but not in
the general axially symmetric case.

Clearly G≥ 0 on M and if G≡ 0 then M is umbilic and therefore a sphere. So suppose
for the sake of obtaining a contradiction that G attains a positive maximum at some p ∈M.
Since

ġ1 =
2n(n−1)κ2 (κ1−κ2)

H3 and ġ2 =
2nκ1 (κ2−κ1)

H3

we have

Ġi jh k
i hk j = ġ1

κ
2
1 +(n−1) ġ2

κ
2
2 =

2n(n−1)κ1κ2

H3 (κ1−κ2)
2 ≥ 0.

Thus since Φ is convex we will obtain a contradiction to the maximum principle providing
the remaining terms on the right hand side of (9) are positive.

Since F is degree-one homogeneous and G is degree-zero homogeneous, using the con-
dition ∇G = 0 at a maximum we find using cancellation as in [A2] that in the present
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setting (
Φ̇

i jG̈kl,rs− Ġi j
Φ̈

kl,rs
)

∇ihkl∇ jhrs

=− Fġ1

κ1κ2
2 (κ2−κ1)

{[
Φ
′′Fκ1 (κ2−κ1)+2Φ

′
κ1κ2

]
(∇1h22)

2

+

[
−Φ′′Fκ2

(n−1)
(κ2−κ1)+2Φ

′
κ1κ2

]
(∇2h11)

2
}

=
2n(n−1)F

κ1κ2H3

{
κ1
[
Φ
′′F (κ2−κ1)+2Φ

′
κ2
]
(∇1h22)

2

+κ2

[
− Φ′′F
(n−1)

(κ2−κ1)+2Φ
′
κ1

]
(∇2h11)

2
}

.

In view of symmetry, in the case n = 2 we may assume κ2 ≥ κ1 and for the above gradient
term to be positive we require

2Φ
′
κ1−Φ

′′F (κ2−κ1)≥ 0 and 2Φ
′
κ2 +Φ

′′F (κ2−κ1)≥ 0.

If it happens that Φ′′ = 0 at the maximum of G, then these conditions are obviously sat-
isfied. If not, the second condition is still clearly satisfied however the first is only true
provided

(10) r ≤ 1+
2Φ′

Φ′′F
.

We conclude that if M satisfies (10) we have a contradiction to the elliptic maximum
principle unless G is identically constant. In the n = 2 case, any surface has an umbilic
point, so there is a point where G = 0 and thus G≡ 0. It follows that M is a sphere.

In the axially symmetric case, ∇2h11 ≡ 0 (see, for example, [MMW, Lemma 3.2]) but
there is no symmetry in κ1 and κ2. We require that at the maximum of G,

2Φ
′
κ2 +Φ

′′F (κ2−κ1)≥ 0.

If it happens that Φ′′ = 0 at the maximum of G, then the above is clearly satisfied. It is also
clearly satisfied if κ2 ≥ κ1. Otherwise, the above becomes the requirement

κ1

κ2
≤ 1+

2Φ′

Φ′′F
.

Thus if M is axially symmetric and satisfies

κaxial
κrotational

≤ 1+
2Φ′

Φ′′F

we obtain a contradiction to the elliptic maximum principle unless G is identically constant.
In that case we have from (9)

0≡ 2n(n−1)F
κ1κ2H3

{
κ1
[
Φ
′′F (κ2−κ1)+2Φ

′
κ2
]
(∇1h22)

2
}
+
[
zΦ
′ (z)−Φ(z)

]
Ġi jh k

i hk j.

Given the curvature pinching and convexity of Φ, this is the sum nonpositive terms, so
each must be identically equal to zero. Since Φ′F−Φ > 0 it must be the case that κ1 ≡ κ2
everywhere on M thus all principle curvatures are equal and M is a sphere. �
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5. THE CASE OF NO CONVEXITY CONDITION ON F BUT STRONG CURVATURE
PINCHING

In this case we take G = H2

|A|2
and note that 1≤G≤ n. On a sphere G≡ n so we will use

the elliptic maximum principle to show it is not possible for G to attain a minimum unless
G is constant. We find find by a similar calculation as in [M] using Lemma 2.7 that

|A|4

2
L

(
H2

|A|2

)
(11)

=−H
(
|A|2 gi j−H hi j

)
Φ̈

kl,rs
∇ihkl∇ jhrs +

|A|4

H
Φ̇

i j
∇iH∇ j

(
H2

|A|2

)

− |A|
4

2
ψ ′Φ′

Φ
〈X ,ek〉∇k

(
H2

|A|2

)
− Φ̇

i j (H∇ihkl−hkl∇iH)
(
H∇

ihkl−hkl∇
iH
)

−H
[
zΦ
′ (z)−Φ(z)

][
H C−

(
|A|2

)2
]

.

Using Lemma 2.6 (ii) and the fact that Φ is convex we see that the above zero order term
is nonpositive. We also have a good negative norm-like term above that we use to absorb
the un-signed Φ̈ term. Specifically,

−H
(
|A|2 gi j−H hi j

)
Φ̈

kl,rs
∇ihkl∇ jhrs

=−H
(
|A|2 gi j−H hi j

)
Φ′ (z)

ψ
F̈kl,rs

∇ihkl∇ jhrs−H
(
|A|2 gi j−H hi j

)
Φ′′ (z)

ψ2 ∇iF∇ jF

≤
√

nH
∣∣A0∣∣ [M2 (ε)+ cM0 (ε)]

Φ′ (z)
ψ
|∇A|2

and in view of Lemma 2.6 (iii) we estimate

Φ̇
i j (H∇ihkl−hkl∇iH)

(
H∇

ihkl−hkl∇
iH
)

≥ Φ′ (z)
ψ

M1 (ε) |H∇ihkl−hkl∇iH| ≥
(

n−1
2n2

)
ε

2H2M1 (ε) |∇A|2 ,

where, for the curvature pinching cone

Kε =
{

κ ∈ Γ
+ : κi ≥ κ j for all 1≤ i, j ≤ n

}
we set

M0 (ε) = sup
{
|A|
F

∣∣Ḟ∣∣2 : κ ∈ Kε , |κ|= 1
}

,

M1 (ε) = inf
{

∂ f
∂κi

(κ) : 1≤ i≤ n,κ ∈ Kε , |κ|= 1
}

and
M2 (ε) = sup

{∣∣D2 f (κ)(ξ ,ξ )
∣∣ : κ ∈ Kε , |κ|= 1, |ξ |= 1

}
,

all of which are positive and finite as taken over compact sets. Observe in particular M1 (ε)
is attained as a positive minimum and nondecreasing in ε; M2 and M0 are nonincreasing in
ε .

Using now 2.6 (i), from (11) and the above we obtain

|A|4

2
L

(
H2

|A|2

)
≤Q(ε)H2 |∇A|2+ |A|

4

H
Φ̇

i j
∇iH∇ j

(
H2

|A|2

)
− |A|

4

2
ψ ′Φ′

Φ
〈X ,ek〉∇k

(
H2

|A|2

)
,
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where

Q(ε) =

√
n(n−1)

2
[(1− ε)M2 (ε)+ cM0 (ε)]−

(
n−1
2n2

)
ε

2M1 (ε) .

A direct calculation shows that Q is nonincreasing in ε , positive for small ε (weaker pinch-
ing) and negative for ε closer to 1 (strong pinching). It follows that there is a weakest
curvature pinching ratio ε such that, M satisfying this pinching ensures the above |∇A|
term is nonpositive and thus H2

|A|2
cannot attain a minimum unless it is identically constant.

In that case we get that M has |∇A| ≡ 0 and thus M is a sphere. �
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