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Abstract

Letnbe a positive integer, and let /%, denote the affine KLR algebra in type A. Kleshchev,
Mathas and Ram have given a homogeneous presentation for graded column Specht mod-
ules S, for J7,. Given two multipartitions A and p, we define the notion of a dominated
homomorphism S — S, and use the KMR presentation to prove a generalised column-
removal theorem for graded dominated homomorphisms between Specht modules. In the
process, we prove some useful properties of 7;-homomorphisms between Specht modules
which lead to an immediate corollary that, subject to a few demonstrably necessary condi-
tions, every homomorphism Sy — S, is dominated, and in particular Hom s (S5,S,) = 0
unless A dominates p.

Brundan and Kleshchev show that certain cyclotomic quotients of .7, are isomorphic
to (degenerate) cyclotomic Hecke algebras of type A. Via this isomorphism, our results can
be seen as a broad generalisation of the column-removal results of Fayers and Lyle and of
Lyle and Mathas; generalising both into arbitrary level and into the graded setting.

1 Introduction

The KLR algebras, or quiver Hecke algebras, were constructed independently by Khovanov
and Lauda [KL] and by Rouquier [R2], and have since received an abundance of interest. This
is, in some part, due to the powerful result of Brundan and Kleshchev in [BK] that every
(degenerate) Ariki-Koike algebra is isomorphic to a so-called cyclotomic quotient of a KLR
algebra. The KLR algebras and their cyclotomic quotients are graded, and this allows us to
study the graded representation theory of (degenerate) Ariki-Koike algebras, and in particular
the graded representation theory of the symmetric groups. This motivates the study of KLR
algebras, and in particular the study of their graded Specht modules. These were defined by
Brundan, Kleshchev and Wang [BKW], and developed further by Kleshchev, Mathas and Ram
[KMR], who gave a homogeneous presentation for each Specht module.

In trying to understand the (graded) structure of the Specht modules, the (graded) ho-
momorphism spaces Hom »,(S;,S,) are of particular interest. In the ungraded setting, these
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homomorphism spaces have received a great deal of attention in recent years. We concentrate
in particular here on the row- and column-removal theorems for homomorphisms, proved by
the first author and Lyle [FL] for the symmetric group and generalised to Hecke algebras of
type A by Lyle and Mathas. In this paper, we provide graded versions of these theorems,
while at the same time generalising them to higher levels so that they apply to all (degenerate)
Ariki-Koike algebras.

In fact, our results apply not to all homomorphisms between two given Specht modules
but only to those of a certain type, which we call dominated homomorphisms. However, in
many cases (for example, for the symmetric group in odd characteristic) every homomorphism
between two Specht modules is dominated, so our results apply generally; in particular, via
the Brundan-Kleshchev isomorphism mentioned above, we recover the original row- and
column-removal theorems of Lyle and Mathas.

We now summarise the structure of the paper. In Section 2, we introduce the combinatorics
necessary for our purposes, as well as the set-up of the KLR algebras and their Specht modules.
We proceed in Section 3 by introducing dominated tableaux and the corresponding dominated
homomorphisms. Section 4 gives our main results pertaining to generalised column removal
for homomorphisms. Finally, in Section 5 we provide an index of notation for the reader’s
convenient reference.

Acknowledgements. The second author would like to thank Queen Mary University of Lon-
don, without whose funding this work would not have been possible. The second author
must also thank Professor Andrew Mathas, at the University of Sydney, with whom this work
began. The visit to the University of Sydney was funded by the Eileen Colyer Prize and the
Australian Research Council grant DP110100050 “Graded representations of Hecke algebras”.
We are grateful to several anonymous referees for their extensive and helpful comments.

2 Background

In this section we recall some background and set up some notation. This varies from
[KMR] in only a few details.

2.1 The symmetric group

Let S, denote the symmetric group of degree n. Letsy, ..., s,—1 denote the standard Coxeter
generators of Sy, i.e. s; is the transposition (i,i +1). Given w € S,,, a reduced expression for w is
an expression w = s;, ...s; with [ as small as possible; we call | = [(w) the length of w.

We will need to use two natural partial orders on &,. If w,x € S,, then we say that x is
smaller than w in the left order (and write x < w) if [(w) = [(wx~!) + I(x); this is equivalent to
the statement that there is a reduced expression for w which has a reduced expression for x as
a suffix.

More important will be the Bruhat order on S, if w,x € S, then we say that x is smaller
than w in the Bruhat order (and write x < w) if there is a reduced expression for w which has a
(possibly non-reduced) expression for x as a subsequence. In fact [H, Theorem 5.10], if x < w,
then every reduced expression has a reduced expression for x as a subsequence.

The following proposition gives an alternative characterisation of the Bruhat order.
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Proposition 2.1 [H, §5.9]. Suppose w, x € S,,. Thenw < x ifand only if therearew = wo, w1, ..., W, =
x such that for each 1 < i < rwe have w; = (u;, v;)w;_1, where 1 < u; < v; < nand wi‘_ll (u;) < wl.‘_ll(vi).

Later we shall need the following lemma; in fact, this is a special case of Deodhar’s ‘property
Z’ [D, Theorem 1.1].

Lemma 2.2. Suppose w,x € S, with x < w. If [(s;w) < I(w) while I(s;x) > I(x), then s;x < w.

Proof. Since I(s;w) < l(w), w has a reduced expression s beginning with s;. We can find a
reduced expression for x as a subexpression of s, and this subexpression cannot include the
first term s;, since I(s;x) > I(x). So we can add the initial s; to the subexpression to get a reduced
expression for s;x as a subexpression of s. m|

We end this subsection by defining some very natural and useful homomorphisms. Suppose
1 <m <nand 0 < k < n—m,and define the homomorphism shifty : S,, = S, by s; = s, for
every i. Note that if k = 0, this is the natural embedding.

2.2 Lie-theoretic notation

Throughout this paper e is a fixed element of the set {2,3,4,...} U {oo}. If e = oo then we set
I := Z, while if e < co then we set | := Z/eZ; we may identify I with the set {0,...,e—1} when
convenient. The Cartan matrix (a;j); jer is defined by a;; = 26;; — Oi(j+1) — Oi(j-1)-

Let I' be the quiver with vertex set I and an arrow from i to i — 1 for each i. (Note that this
convention is the same as that in [KMR], and opposite to that in [BK, BKW].) The quiver I' is
pictured below for some values of e.

0 0 0
7N
1 3 ...... (__1(_0(_1(_2(_3(_ ......
AN
1 le——2 2
e=2 e=3 e=4 e=00

In the relations we give below, we use arrows with reference to I'; thus we may write i — j to
mean thate # 2and j=i—1,0ri = jtomean thate=2and j=i-1.

We adopt standard notation from Kac’s book [K] for the Kac-Moody algebra associated to
the Cartan matrix (a;;); jer; in particular, we have fundamental dominant weights A; and simple
roots ; for i € I, and an invariant symmetric bilinear form ( | ) satisfying (A;|a;) = 6;; and
(ailaj) = ajjfori,j el Welet Q" := @id Z=oa; be the positive root lattice. For a = ) ;¢; cia; € QF,
we define the height of a to be ) ;c;¢i. Given o, f € Q* with a = Y ;;cia; and B = ) ;; dicvi, we
write a > B if ¢; > d; for each i.

Let I' denote the set of all I-tuples of elements of I. We call an element of I' an e-multicharge
of level 1. The symmetric group S acts on I' on the left by place permutations. Given an e-
multicharge x = (x1, ..., k;), we define a corresponding dominant weight A, := Ay, +---+ Ay,
For a € Q*, we then define the defect of a (with respect to «x) to be

def(a) = (Ax| @) - 3(ala).
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2.3 Multicompositions and multipartitions

A composition is a sequence A = (A1, A, ...) of non-negative integers such that A; = 0 for
sufficiently large i. We write || for the sum A; + A2 +---. When writing compositions, we may
omit trailing zeroes and group equal parts together with a superscript. We write @ for the
composition (0,0, ...). A partition is a composition A for which A1 > A, > ---.

Now suppose [ € N. An [-multicomposition is an I-tuple A = (A1), ..., AD) of compositions,
which we refer to as the components of A. We write [A| = |A(D|+--- + [A®D], and say that A is an
I-multicomposition of |A|. If the components of A are all partitions, then we say that A is an
I-multipartition. We write &), for the set of I-multipartitions of 7. We abuse notation by using
@ also for the multipartition (&, ..., @).

If A and u are [-multicompositions of n, then we say that A dominates u, and write A & y, if

|/\(1)|+...+|)\(m—1)|+)\§m)+...+/\§m) > |H(l)|+"’+|M(m_1)|+[J(1m)+"‘+M£m)

foralll<m <landr > 0.
If A is an [-multicomposition, the Young diagram [A] is defined to be the set

{(r,c,m)eNxNx{l,...,z} |c< Aim)}‘

We refer to the elements of [A] as the nodes of A. We may also refer to (r, c, m) as the (r,c)-node
of A If A € &, a node of A is removable if it can be removed from [A] to leave the Young
diagram of a smaller [-multipartition, while a node not in [A] is addable if it can be added to [A]
to leave the Young diagram of an /-multipartition.

We adopt an unusual (but in our view, extremely helpful) convention for drawing Young
diagrams. We draw the nodes of each component as boxes in the plane, using the English
convention, where the first coordinate increases down the page and the second coordinate
increases from left to right. Then we arrange the diagrams for the components in a diagonal line
from top right to bottom left. For example, if A = ((22), (2,1%),(3, 2)) e 73

137 then [A] is drawn as
follows.

We shall use directions such as left and right with reference to this convention; for example, we
shall say that a node (7, ¢, m) lies to the left of (’,c’, m’) if either m > m’ or (m = m" and c < ¢’).
Similarly, we say that (r, c, m) is above, or higher than, (v, ¢’, m’) if either m < m’ or (m = m” and
r<r).

If A is a partition, the conjugate partition A’ is defined by

g=lis 1)
If A is an [-multipartition, then the conjugate multipartition A’ is given by

A= @A07, A0,
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Observe that with our convention, the Young diagram [A’] may be obtained from [A] by
reflecting in a diagonal line running from top left to bottom right.

2.4 Tableaux

IfAe 3”,11, a A-tableau is a bijection T : [A] — {1,...,n}. We depict a A-tableau T by drawing
the Young diagram [A] and filling each box with its image under T. T is row-strict if its entries
increase from left to right along each row of the diagram, and column-strict if its entries increase
down each column. T is standard if it is both row- and column-strict. We write Std(A) for the
set of standard A-tableaux.

If T is a A-tableau, then we define a A’-tableau T’ by

T'(r,c,m) = T(c, 7,1+ 1 —m)

for all (r,c,m) € [A'].

We import and modify some notation from [BKW] and [KMR]: given a tableau T and
1 <i,j <n wewritei —r j to mean that i and j lie in the same row of the same component,
with j to the right of i. We writei "1 j to mean thatiand j lie in the same component of T, with
j strictly higher and strictly to the right, and we write i /1 j to mean that eitheri /'t j or j lies
in an earlier component than i. The notations i |r j, i ,//r jand i /1 j are defined similarly.

There are two standard A-tableaux of particular importance. The tableau T is the standard
tableau obtained by writing 1, ..., n in order down successive columns from left to right, while
T/ is the tableau obtained by writing 1, ..., 7 in order along successive rows from top to bottom.
Note that we then have TA = (Ty/)'.

Example. With A = ((22), (2,1%), (3, 2)) we have

T, = 1012/, T = 1[2]
1113 34

EINIE

EINIE

1[3]5] 91011
2[4 1213

The symmetric group &, acts naturally on the left on the set of A-tableaux. Given a A-tableau
T, we define the permutations wr and w'in G, by

wrTy =T =w'Th.
Later we shall need the following lemma; recall that <;, denotes the left order on S,,.

Lemma 2.3. Suppose A € 9,11 and S, T are A-tableaux with ws <y wr. If T is standard, then S is
standard.

Proof. Using induction on [(wr) — [(ws), we may assume [(wr) = l(ws) + 1, which means in
particular that T = s;S for some i. Since T is standard, the only way S could fail to be standard
is if i + 1 occupies the node immediately below or immediately to the right of i in T. But either
possibility means that i occurs before i+ 1 in the ‘column reading word” of T, i.e. the word
obtained by reading the entries of T down successive columns from left to right. In other
words, wy 14) < wy 1(i + 1), but this means that [(ws) > I(wr), a contradiction. O
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Now we introduce a dominance order on tableaux. If S, T are A-tableaux, then we write
S & T if and only if ws > wr (recall that = denotes the Bruhat order on €,,). There should be
no ambiguity in using the symbol & for both the dominance order on multipartitions and the
dominance order on tableaux.

There is an alternative description of the dominance order on tableaux which will be very
useful. If T is a A-tableau and 0 < m < n, we define T}, to be the set of nodes of [A] whose
entries are less than or equal to m. If T is row-strict, then T,, is the Young diagram of an
I-multicomposition of m, which we call Shape(T,,,). If T is standard, then Shape(T,,) is an
I-multipartition of m.

Now we have the following proposition. This is proved in the case I = 1 in [M, Theorem
3.8] (where it is attributed to Ehresmann and James); in fact, the proof in [M] carries over to the
case of arbitrary ! without any modification.

Proposition 2.4. Suppose A € P and S, T are row-strict A-tableaux. Then S < T if and only if
Shape(S ;) < Shape(T,) form=1,...,n.

In this paper, we shall briefly consider a natural analogue of this notion for column-strict
tableaux. Suppose A € &, and T is a column-strict A-tableau; define the diagram T}, as above,
and define T to be the ‘conjugate diagram” to Ty, that is

T, ={enl+1-k | (,ck) € Ty}

Then T}, is the Young diagram of an I-multicomposition of m, which we denote Shape(T ,)".

Now we have following statement, which can be deduced from Proposition 2.4 by conjugating
tableaux.

Proposition 2.5. Suppose A € P!, and S, T are column-strict A-tableaux. Then S < T if and only if
Shape(S,,,)" & Shape(T ;)" form=1,...,n.

2.5 Residues and degrees

In this section we connect the Lie-theoretic set-up above with multipartitions and tableaux.
We fix an e-multicharge ¥ = (x1,...,%;). We define the residue resA = res* A of a node A =
(r,c,m) e NXNx{1,...,I} by

resA =x,+(c—r) (mod e).

We say that A is an i-node if it has residue i. Given A € &2}, we define the content of A to be the
element
cont(A) = Z Qresa € QT
A€[A]

We then define the defect def(A) of A to be def(cont(A)).

If T is a A-tableau, we define its residue sequence to be the sequence i(T) = (iy, ..., i), Wwhere
i, is the residue of the node T~1(r), for each r. The residue sequences of the tableaux T, and TA
will be of particular importance, and we set i, := i(T) and i* := i(T*).
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Example. Take A = ((22), (2,12, (3, 2)) as in the last example, and supposee = 4 and « = (1,2, 0).
Then the residues of the nodes of A are given by the following diagram.

112
01

3

2
L
0]

So we have
i»=1(,3,1,0,2,2,1,0,3,1,0,2,1), N = (1,2,0,1,2,3,1,0,0,1,2,3,0).

Now we recall from [BKW, §3.5] the degree and codegree of a standard tableau. Suppose
A € 2! and A is an i-node of A. Set

da(A) = |{addab1e i-nodes of A strictly below A}| - |{removable i-nodes of A strictly below A}

7

and
dA(/\) = |{addable i-nodes of A strictly above A}| - |{removable i-nodes of A strictly above A}|.

For T € Std(A) we define the degree of T recursively, setting deg(T) := 0 when T is the unique
@-tableau. If T € Std(A) with |A| > 0, let A = T~1(n), let T, be the tableau obtained by removing
this node and set

deg(T) := da(A) + deg(T<p).

Similarly, define the codegree of T by setting codeg(T) := 0 if T is the unique @-tableau, and
codeg(T) := d*(A) + codeg(T<,)

for T € Std(A) with |[A] > 0. We note that the definitions of degree and codegree depend on the

e-multicharge «, and therefore we write deg" and codeg” when we wish to emphasise «.

Example. Suppose e = 3, ¥ = (1,1) and T is the ((2), (2, 1))-tableau

1]5]
2

which has residue sequence i(T) = (1,0,1,2,2). Letting A = T-}(5) = (1,2,2), we find that
da(A) = 1 and d4(A) = —1. Recursively one finds that for the tableau
Tes =

we have deg(T<5) = 2 and codeg(T<s5) = 1, so that deg(T) = 3 and codeg(T) = 0.

The degree and codegree of a standard A-tableau are related to the defect of A by the
following result.

Lemma 2.6 [BKW, Lemma 3.12]. Suppose A € P! and T € Std(A). Then
deg(T) + codeg(T) = def(A).
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2.6 KLR algebras

We now give the definition of the algebras which will be our main object of study. Through-
out this paper we fix a field F.
Suppose a € Q" has height 7, and set

I = {iEI" | aj, +- -+, :a}.
Now define .77, to be the unital associative F-algebra with generating set

{€(l)| iEIa}u{yL“'/yn}U{¢lr"~/¢n—l}

and relations
e(ie(j) = 6; je(i);

Z e(i) = 1;

iel®
yre(i) = e(i)yr;
I;bre(i) = e(sri)lpr;

YrYs = YsYr;
l,br]/s = ]/sl,br ifs#rr+1;
Yrhs = Ysih, if[r—s|>1;

yrpre(i) = (WrYre1 = 65, )e(d);
Yrr1pre(d) = (Yryr +6i,i,, )e();

0 ifi, =iy,
e(i) ifippq #£14,,1, £1,
Yre(i) = { (Yre1 — yr)e(d) if i = ipe1,
(yr - yr+1)e(i) if iy 141,
(yr+1 - ]/r)(]/r - ]/r+1)e(i) ifi, 2 iy,
(¢r+ll,br¢r+l + 1)8(1) ifip40 =1 = ipyq,
¢r¢r+1§br€(i) = Wra1prprar = De(i) . %f l:r+2 - l:y - l:Hl,
(Vra1VrPr1 + Y = 2Ypi1 + Yp2)e()  if ipn =1, & Gpyq,
Yre19rPran)e(i) otherwise;

for all admissible r,s, 1, j.
The affine Khovanov-Lauda—Rouquier algebra or quiver Hecke algebra 74, is defined to be the
direct sum @a , where the sum is taken over all « € Q* of height n.

Remarks.
1. We use the same notation for the generators ¢, and y; for different a; when using these
generators, we shall always make it clear which algebra 7, these generators are taken
from.

2. When e < o0, we can modify the above presentation of .77, to give a presentation for J;:
we take generating set {e(i) | i € I"} U{y1,..., yu) U{Y1, ..., Py-1}, and replace the relation
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Yice €(i) = 1 with ) ;cime(f) = 1. The generator 1), in this presentation is just the sum of
the corresponding generators 1, of the individual algebras /7, in the direct sum EB N I,
and similarly for ys. When e = co we cannot do this, since the set I" is infinite (in fact, .77,
is non-unital in this case).

The following result can easily be checked from the definition of J7,.

Lemma 2.7 [BK, Corollary 1]. There is a Z-grading on the algebra ¢, such that for all admissible r
and i,

deg(e(i)) =0, deg(y,) =2, deg(y,e(i)) = —a;i.,,-

Shift maps

Recall from §2.1 that shift, : S,, —» S, denotes the homomorphism defined by s; +— s;,.
We now define the corresponding maps for the algebras .77;.

Definition. Suppose 1 <m <nand 0 < k <n-m, a,p € Q" with a of height n and f of height
m. Given i € If, define J; := {] e | Jsrk = isfor 1 <s < m}, and let e(i)** = Yjej; €(j). Now
define the homomorphism shift; : 773 — %, by

e(i) = e, Prel) o Prre®™,  yrel) - yrae@)™.

It is easy to check from the definition of /%, that shift; is a degree-preserving (non-unital)
homomorphism of algebras. Moreover, the PBW-type basis theorem for .7, in [KL, Theorem
2.5] and [R2, Theorem 3.7] shows that if § < a then shifty is injective (obviously shifty is the
zero map if B £ a).

Cyclotomic algebras and the Brundan-Kleshchev isomorphism theorem

Given a € Q" and an e-multicharge k = (k1,..., k) € I', we define J€ to be the quotient of

, by the cyclotomic relations
(Ax | diy

ey =0 forie I,
The cyclotomic KLR algebra 7 is then defined to be the sum (P, 7. Here we sum over all
a € QF of height 1, though in fact only finitely many of the summands will be non-zero, so
(even when e = o0) JZ is a unital algebra.

Note that the embedding shift) passes naturally into the cyclotomic quotients.

A stunning result of Brundan and Kleshchev [BK, Main Theorem] is that if e = oo or if F
contains a primitive eth root of unity, then .7, is isomorphic to an Ariki-Koike algebra of level
I, defined at an eth root of unity. Similarly, if e = char(FF), then ./ is isomorphic to a degenerate
Ariki-Koike algebra; in particular, when | = 1, 77, is isomorphic to the group algebra FS,. As
a consequence, these Hecke algebras are non-trivially Z-graded. This theorem motivates our
choice of notation .7#, for the KLR algebra.

2.7 Specht modules

We now recall the universal graded row and column Specht modules introduced by
Kleshchev, Mathas and Ram; we refer the reader to [KMR, §§5,7] for further details.
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Fix an e-multicharge x. Suppose A € ., and let @ = cont(A). Say that anode A = (r,c,m) €
[A] is a column Garnir node if (r,c + 1,m) € [A]. The column Garnir belt By is defined to be the set
of nodes
Bs={(s,c,m)e[A]l| s =rfU{(s,c+1,m)e[A]|s<r}.

This belt is used to define a column Garnir element ga € #,. The full definition of g4 is quite
complicated, and can be found in [KMR, Definition 7.10]. Here we just give g4 explicitly
in a special case which we will use in the proof of Proposition 3.10, and record some useful
properties of g4 which apply in general.

For our special case, we suppose that A is a Garnir node of A of the form (1, ¢, m). If a is the
entry in node A of Ty and b is the entry in node (1,c+1,m), then g4 = YuPas1 ... Pp_1.

Now suppose A = (r,c,m) is an arbitrary Garnir node of A. Then in T, the nodes of B4 are
occupied by the integersa,a+1,...,b for some a < b. The following facts can be distilled from
[KMR, §7]:

® g4 is a linear combination of products of the form 1);, ...1;, wherea <iy,...,i; <b;
e g4 depends only on ¢, 7, a and the length of the column containing A.

(In fact, as defined in [KMR], the column Garnir element g4 also involves an idempotent
e(i) which depends on A and makes g4 homogeneous, but this term can be omitted without
affecting the Garnir relation given below.)

Example. For example, let A = ((3,3,2,2,1),(2,1)) and let A = (3,1,1). Then A is a column
Garnir node, and T, (with the Garnir belt B4 shaded) is as follows.

419013
51014
611
T) = 712
18]
1]3]
2]

The column Garnir element g, is then a linear combination of products of the generators
Ve, Y7, 18, P9, P1p; the exact expression for g4 depends on the choice of e.

Now define the column Specht module S|, to be the graded J#,-module generated by the
vector z, of degree codeg(T,) subject to the following relations:

1. e(ir)zy = zp;

2. ypzp =0forallr=1,...,n;

3. Yyyzp =0forallr=1,...,n—-1suchthatr |1, r+1;
4. gazy = 0 for all column Garnir nodes A € A.

We may relax notation and just write S, if the e-multicharge « is understood. We shall
mostly consider S, as an .74;-module, by setting .73 S) = 0 for § # a. Thus we have ./Z;-modules
Sjjx for all e-multicharges x and all A € 2,. The main purpose of this paper is to study the
space of J7;-homomorphisms Sy — S, for A, u € @,ﬂ The following result is obvious from the
definitions.
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Lemma 2.8. Suppose A, u € &), and let a = cont(A). If Hom y (Sy,Sy) # 0, then cont(u) = a (and
in particular def(A) = def(u)), and Hom »,(Sy,S,) = Hom ., (Sy, Sy).

We shall also need to consider row Specht modules; for these, the definitions are largely
obtained by ‘conjugating’ the definitions for column Specht modules. Fix k, A and « as above.
Say that a node A = (r,c,m) € [A] is a row Garnir node if (r +1,c,m) € [A], and define the row
Garnir belt

B ={(rdm)e[A]l|d>clU{(r+1,d,m)e[A]|d<c}.

This belt is used to define a row Garnir element gA. We refer the reader to [KMR, Definition 5.8]
for the definition of this; here we just note the following facts:

e in T the nodes of B4 are occupied by the integersa,a+1,...,b for somea < b;
e g4 is a linear combination of products of the form 1);, ...1;, wherea <iy,...,i; <b;
e g” depends only on ¢, ¢, 2 and the length of the row containing A.

Now we can define the row Specht module S*, which is the graded .#-module generated by
the vector z! of degree deg(T") subject to the relations

1. e(iM)z! = 2%
2. yrzA:Oforallrzl,...,n;
3. Yz} =0forallr=1,...,n—1such thatr —p r+1;

4. g4z} = 0 for all row Garnir nodes A € A.

We define basis elements for the row and column Specht modules as follows. For each
T € Std(A) we fix a preferred reduced expression s,, ...s,, for the permutation wr, and define
Y1 := Py ... Yy, and vr := Prz). Similarly, we fix a preferred reduced expression sy, ...s;, for
w', and set YT := Uy, ... Py, and o7 := PTZA,

Note that the elements vy and v" may depend on the choice of preferred reduced expressions,
since the 1, do not satisfy the braid relations. However, the following results are independent
of the choices made.

Lemma 2.9 [KMR, Propositions 5.14 & 7.14]. Suppose A € P and T € Std(A). Then deg(v”) =
deg(T) and deg(vr) = codeg(T).

Lemma 2.10 [KMR, Corollaries 6.24 & 7.20]. Suppose A € .. Then {07 | T € Std(A)} is an
[F-basis for S and {vr | T € Std(A)} is an F-basis forS,.

In spite of the dependence of these bases on the choices of preferred reduced expressions,
we refer to the bases {vT | T € Std(A)} and {vr | T € Std(A)} as the standard bases for S* and S,
respectively.

For the remainder of this section we summarise some basic results about the action of .77, on
Si. Many of these results are cited from [BKW], where they are stated for row Specht modules.
In this paper we concentrate as far as possible on column Specht modules, so we translate all
the results to this setting. Throughout we fix A € 22}, and let ¢y, ..., 1,1 refer to the generators
of 7%, where & = cont(A). Recall that if S, T are standard A-tableaux, then we write S = T to
mean that ws = wr.
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Lemma 2.11 [BKW, Theorem 4.10()]. Suppose T € Std(A), and s, .. .s;, is any reduced expression
for wr. Then yj, ...,z —vr is a linear combination of basis elements vy for U <1 T.

Lemma 2.12 [BKW, Lemma 4.9]. Suppose T € Std(A) and that j—1 —t jor j—1 |1 j. Then ;107
is a linear combination of basis elements vy for U <1 T.

Lemma 2.13 [BKW, Lemma 4.8]. Suppose T € Std(A) and 1 < i < n. Then yvur is a linear
combination of basis elements vy for U < T.

We'll use Lemmas 2.11 and 2.13 to prove the following similar result, which is suggested
but not proved in the proof of [BKW, Theorem 4.10].

Lemma 2.14. Suppose T € Std(A) and j—1 /1 j. Then ¢j 101 is a linear combination of basis elements
vy forU K T.

We begin with the following simple observation.

Lemma 2.15. Suppose T € Std(A). Then j—1 /1 jif and only if wr has a reduced expression beginning
with sj_1.

Proof. Both conditions are equivalent to the condition that wy IG-1)> wy 1(G5). O

Proof of Lemma 2.14. By Lemma 2.15, wr has a reduced expression of the form s;_1s, ... sy,
Using Lemma 2.11 we have

or = l,b]'_ll)bkl . I]Der)\ + E ayOy
UeStd(A)
u«T

for some ay € F. So

Y101 = Y5 P - i za + 2 ayYj-10y. (*)
UeSt(A),
Uu«T

Using the KLR relations (and moving the appropriate idempotent e(i) through), the first term on
the right-hand side becomes g1)x, ... 1 z), where ¢ is a polynomial in y1, ..., y,. Now s, ... s,
is a reduced expression for the standard tableau S = s; 1T, so by Lemma 2.11 we have

¢k1 .. .I][)er/\ =0s+ Z byoy
veStd(A),
v<is
for some by € F. So (since S < T) the first term on the right-hand side of (*) is a linear
combination of terms of the form gvy for V € Std(A) with V < T. By Lemma 2.13 this reduces to
a linear combination of basis elements vy for V <1 T.

Now consider each of the remaining terms v;_jvy in (x). If j—1 Sy j, then by induction
on the Bruhat order Y10y is a linear combination of basis elements vy for V< U < T, so we
can ignore any such U. If j—1 —y jor j—1 ly j, then we apply Lemma 2.12 to get the same
conclusion. If j—1 Ay j, let R be the tableau obtained by swapping j—1 and j in U; then a
reduced expression for wg may be obtained by adding s;_; at the start of a reduced expression
for wy, and we have R < T by Lemma 2.2. So by Lemma 2.11 again,

l,b]'_1UU = 7R+ Z CyOy

W<R

for some cy € F, and we are done. O
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Lemma 2.16. Suppose A € ﬂé, and T € Std(A). Suppose j1,...,jr € {1,...,n—1}, and that when
Vj, ...,z is expressed as a linear combination of standard basis elements, vr appears with non-zero
coefficient. Then the expression sj, ...s;, has a reduced expression for wr as a subexpression.

Proof. We proceed by induction on r, with the case r = O trivial. Let j = j;. Then by assumption
vr appears with non-zero coefficient in ¢ ;us, where S € Std(A) and vs appears with non-zero
coefficient in 1, ...1;,z). By induction the expression sj, ...s;, has a subexpression which is
a reduced expression for ws, so if wr < ws (i.e. if T < S) then we are done. By Lemma 2.12
and Lemma 2.14, this happens if j —s j+1,j ls j+1orj /s j+1. So we can assume that
j /s j+1. Butin this case wr = sjws, with [(wr) = l(ws) + 1, so wr has a reduced expression
obtained by adding s; at the start of a reduced expression for ws. So again the result follows by
induction. o

2.8 Specht modules for 7 and homomorphisms

Throughout this paper we consider the Specht module S, as a module for the affine algebra

7, (Where a = cont(1)) and by extension for the algebra /7. In fact, it is not hard to show

that S, is annihilated by the element y§A7C|ai])e(i) for every i, so that S, is a module for the

cyclotomicalgebra .77, introduced in §2.6. We shall almost entirely be studying the space of 7;-
homomorphisms between two Specht modules S, and S, defined for the same e-multicharge x,
and clearly in this situation .Z;-homomorphisms between these two modules are the same as
¢, -homomorphisms. In view of the Brundan-Kleshchev isomorphism theorem mentioned
above, our results can therefore be viewed as statements about homomorphisms between
Specht modules for (degenerate) Ariki-Koike algebras, and so they generalise the results of the
tirst author and Lyle for homomorphisms between Specht modules for the symmetric group
[FL, Theorem 2.1], and of Lyle and Mathas for Hecke algebras of type A [LM, Theorem 1.1].

In this paper, however, we restrict attention entirely to the affine algebra .7%,. This is because
we occasionally (in particular, in Theorem 3.16) need to compare Specht modules defined for
different e-multicharges.

3 A-dominated tableaux and dominated homomorphisms

In this paper we consider the space of homomorphisms between two given Specht modules.
However, our results concerning row and column removal will only apply to homomorphisms
of a certain kind, which we call dominated homomorphisms. But as we shall see in Theorem 3.6,
in many cases all homomorphisms between Specht modules are dominated.

3.1 A-dominated tableaux

Suppose A, u € &) and T € Std(u). Given 0 < j < n, we say that T is A-column-dominated on
1,...,jifeachi€ {1,..., } appears at least as far to the left in T as it does in T,. We say simply
that T is A-column-dominated if it is A-column-dominated on 1, ...,n. We remind the reader of
our unusual convention for drawing Young diagrams, in which a node (7, c, m) lies to the left
of (v/,c’,m’) if either m > m’ or (m = m’ and c < ¢’).

We write Std, (1) for the set of A-column-dominated standard u-tableaux. It is easy to see
that Std, (u) is non-empty if and only if A & y, and that Std, (1) = {T,}.
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We say T is weakly A-column-dominatedon 1, ..., jifeachi € {1,..., j} appears in a component
at least as far to the left in T as it does in T,. We say that T is weakly A-column-dominated if it
is weakly A-column-dominated on 1, ..., n.

We also introduce row-dominance. Say that T € Std(u) is A-row-dominatedif eachi € {1, ..., n}
appears at least as high in T as it does in T}. We write Std"(u) for the set of A-row-dominated
standard p-tableaux, which is non-empty if and only if A < p.

Since we shall primarily be considering column Specht modules, we shall often simply say
‘A-dominated” meaning ‘A-column-dominated’.

We give a helpful alternative characterisation of the A-dominated and A-row-dominated
properties.

Lemma 3.1. Suppose A, i € 2, and S € Std(u).

1. S is A-column-dominated on 1,...,j if and only if Shape((Ty),,) &= Shape(S,,,) for all m =
1,...,].

2. Sis A-row-dominated on 1,..., j if and only if Shape((T1),,) < Shape(S,,) forallm=1,...,].

Proof. We prove only (2); the proof of (1) is analogous. Suppose first that S is not A-row-
dominated on 1, ..., j. Choose an entry m < j which appears strictly lower in S than in T*, and
lett = Shape((TA) 1m) and 0 = Shape(S,,). Suppose that m appears in position (7, ¢, k) in T. The
construction of T* means that the entries 1,...,m—1 all appear at least as high as m in T4, and
SO

)

O+ D 479 2B =,

On the other hand, m appears below row r of component k in S, so

oL+ +l0® D46 4460 < m,

Hence 7 € 0.
Conversely, suppose Shape(Ti‘m) 0 Shape(S,,,) for some m < j; choose such an m, and let

T= Shape(Tfm) and o = Shape(S,,). Since 7 4 o, there are r, k such that

R B R AR R 1 o B PR A

Ifweletd = |tW]+- -+ |t*=D| + Tik) +et ’cik), thend < m and the integers 1,...,d all appear in

row r of component k or higher in T2. Since [6W]| +- - - + |o®~D| + ng) +- ogk) < d, at least one
of the integers 1, ...,d appears in S below row r of component k. So there is some i < j which
appears lower in S than in T4, s0 S is not A-row-dominated on 1, ..., ] O

Corollary 3.2. Suppose A, u € 2%, and S, T € Std(u).

1. If S is A-dominated on 1,...,jand S & T, then T is A-dominated on 1,...,j. In particular, if
S € Std(u) and ST, then T € Std, (u).

2. If S is A-row-dominated on 1,...,j and S < T, then T is A-row-dominated on 1,...,j. In
particular, if S € StdA(y) and S I T, thenT e StdA(/J).

Lemma 3.3. Suppose A, u € ,@fl, and T,U € Std(u) with U < T. If T is weakly A-dominatedon 1,..., ],
then so is U.

Proof. The proof follows almost identically to that of Corollary 3.2(1). |
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3.2 Dominated homomorphisms

Given A, u € &, we want to consider the space of /%,-homomorphisms ¢ : S, — S, with
the property that ¢(z,) lies in the F-span of {vs | S € Std,(u)}. But we need to show that this
notion is well-defined.

Proposition 3.4. Suppose A, i € PL. Then the subspace (vs | S € Std (1)) of Sy is independent of
the choice of standard basis elements vs.

Proof. Let V denote the space (vs| S € Stda(u))p, and take T € Std,(u). Let s ...s; be a
new reduced expression for wr, and let o7 = ¢;, ... ¢z, (Where ¢,..., {1 are taken to lie
in #ony(n))- Let V' be the space obtained from V by replacing vr with v} in the spanning set
{vs | S €Stda(u)}; it suffices to show that V = V’. By Lemma 2.11,

Up =0T+ Z ayoy  for some ay € F.
u«T

By Corollary 3.2(1), each vy with U < T lies in V, and so v} € V. Hence V' C V; but since the
elements vs are linearly independent, dimy V = dimp V' = |Std, (u)]. So V' = V. O

In view of Proposition 3.4 and an analogue for row-dominated tableaux, the following
definition makes sense.

Definition. Suppose A, u € &) If ¢ € Hom y,(S;,S,), we say that ¢ is (column-)dominated if
¢(z1) € (vs | S € Stda(u))p. We write DHom 4 (S3,S,,) for the space of dominated homomor-
phisms from S, to S,.

Similarly, if x € Hom y,(S",S"), we say that x is row-dominated if x(z") € (v° | S € Std*(u))r,
and we write DHom (S, S*) for the space of row-dominated homomorphisms from S to S*.

Proposition 3.5. DHom ;(Sy,S,) and DHom 4, (S*,SH) are graded subspaces of Hom (51,5u)
and Hom (S*,sH) respectively. That is, DHom ; (Sy,S,) and DHom (S*,SH) are spanned by
homogeneous homomorphisms.

Proof. The proof proceeds almost identically to the proof of the fact that Hom ,,(Ss,S) is
graded, using the fact that (vs | S € Std,(u))y is a graded subspace of S, (with a corresponding
statement for S*). O

The rest of this section is devoted to showing that in certain cases every Specht homomor-
phism is dominated. Specifically, we shall prove the following.

Theorem 3.6. Supposee # 2and that xq, ..., x;aredistinct. Then Hom Sy, S,) = DHom 4, (S4, Sy).

Remark. The hypotheses thate # 2and that xy, ..., k; are distinct are equivalent to the condition
that /7 has exactly 2/ isomorphism classes of one-dimensional modules. The following small
examples show that these hypotheses are essential in Theorem 3.6; in fact, they show that Specht
modules labelled by different multipartitions can be isomorphic without these assumptions.

1. Takee = 2, k¥ = (0), A = ((1?)) and p = ((2)). Then there is a non-zero homomorphism

Sy — S, defined by z; + z,, though the tableau T, = is not A-dominated. So
Hom  (S), SV) #1{0} = DHOI’II%(SA,S#).
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2. For any e, take x = (0,0), A = (&,(1)) and p = ((1),9). Then z, + z, again defines a
non-zero homomorphism S, — S, though T, is not A-dominated.

The proof of Theorem 3.6 requires several preliminary results. We fix A, u € &2} and an e-
multicharge « of level  throughout. If cont(1) # cont(u), thenby Lemma 2.8 Hom 4, (S4,S,) = 0,
so that Theorem 3.6 is trivially true. So we assume that cont(A) = cont(u). In the results below,
Y1,...,Pn1 are elements of S one(n)-

Lemma 3.7. Suppose j € {2,...,n} with j—1 |1, j, and T € Std(u) is A-dominated on 1,...,]. Then
Y197 is a linear combination of basis elements vy for standard tableaux U which are A-dominated on

1,...,].

Proof. If j—1 —r jorj—1 |1t jor j—1 21 j, then the result follows from Corollary 3.2(1)
together with either Lemma 2.12 or Lemma 2.14. The remaining possibility is that j—1 1 ;.
But now if we let S be the standard tableau s; 1T, then by Lemma 2.11 ¢;_1vr = vs + Yuas buvy
for some by € F. Clearly since T is A-dominated on 1,..., jand j—1, j lie in the same column of
T), Sis also A-dominated on 1,..., j. Corollary 3.2(1) completes the proof. |

Proposition 3.8. Suppose e # 2, and that ¢ : Sy — S, is a homomorphism, and write

P(zp) = Z aror  for some ar € F.
TeStd ()

Suppose j € {2,...,nywith j—1 |1, j, and that each T for which ar # 0 is A-dominatedon 1,...,j—1.
Then each T for which at # 0 is A-dominatedon 1, ..., j.

Proof. The fact that j—1 |1, j means that ¢;_1z) = 0, so we must have ZKStd(y) arj-1or = 0.
Assuming the proposition is false, there is at least one T which is not A-dominatedon 1,...,j
such thatar # 0; choose such a T which is >-maximal. Since T is A-dominatedon1,...,j—1, the
entry jlies in a column strictly to the right of j —1in T. We claim that we cannot have j—1 —r1 ;.
If this is the case, then the residue sequence i(T) satisfies i(T); = i(T);-1 + 1. However, since f
is a homomorphism and vt appears with non-zero coefficient in ¢(z,), we must have i(T) = 7,
and the fact that j—1 |1, jmeans that (iy); = (i1);-1 — 1. Since e # 2, this is a contradiction.

Hence j—1 /1 j, so the tableau S := s;1T is standard, and if we write ¢;_10r as a linear
combination of standard basis elements, then vs occurs with coefficient 1. We claim that vg
does not occur in any other ¥;_jor when ap # 0: if T is not A-dominated on 1,..., j, then
(defining S” analogously to S) we have 1, 191 = vy + Y ys cyvy for some cy € F; but the fact
that T £ T’ (by our choice of T being >-maximal) means that S € S/, so vs cannot occur. On the
other hand, if T" is A-dominated on 1, ..., j, then the result follows from Lemma 3.7, since S is
not A-dominated on 1,..., .

So vg occurs with non-zero coefficient in ZTestd( ) arj-101, a contradiction. O

We now turn our attention to the case where j is in the top row of its component in T,.

Lemma 3.9. Suppose 1 < a < j < n,and that j—1 /1, janda |1, a+iforalli=1,...,j—a-1
If T € Std(u) is weakly A-dominated on 1,.. ., j then Yaai1 ... Y101 is a linear combination of basis
elements vy for standard tableaux U which are weakly A-dominatedon 1,...,].
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Proof. We argue by induction on I(s;sg+1...8j-1) = j—a. If j—a = 0, the result is trivial. So
suppose a4 < j, and assume by induction that {541 ... 4101 is a linear combination of basis
elements vy which are weakly A-dominated on 1,...,j. We want to show that for each vy,
Y,y is a linear combination of basis elements vy for standard tableaux U” which are weakly
A-dominatedon 1, ..., ;.

Ifa -ya+loralya+1ora yya+1, then the result follows from Lemma 3.3 together
with either Lemma 2.12 or Lemma 2.14. The remaining possibility is thata /Ay a+1. Let S be
the standard tableau s,U. Then by Lemma 2.11, ,uy = vs + ) 45 @ 0w for some ay € F.

Recalling that U is weakly A-dominated on 1,...,j and that a,a + 1 are in the same column
(and therefore the same component) of T, S is weakly A-dominated on 1, ..., j and Lemma 3.3
completes the proof. |

Proposition 3.10. Suppose ¢ : Sy — Sy, is a homomorphism with

P(zy) = Z arvr  for some ar € F.
TeStd(u)

Suppose j € (2,...,n} with either j—1 'r, jor j—1 —1, j, and that each T for which ar # 0 is
A-dominated on 1,...,j—1. Then each T for which ar # 0 is A-dominatedon 1,.. ., .

Proof. The proof follows the same lines as Proposition 3.8. The condition that j—1 ",
jor j—1 —7, j means that S, satisfies a Garnir relation Y,s41...¢j-1z2 = 0, where 4 is
the entry immediately to the left of j in T,; since f is a homomorphism, we therefore have
Ytestd(u) 91 - - - Yj—101 = 0. Assuming the result is false, there is at least one T which is not
A-dominated on 1,...,j such that ar # 0; choose such a T which is >-maximal. Since T is
A-dominatedon1,...,j—1butnotl,...,j, wehave j—1 At j. Infact j—1and j are in different
components of T: if not, what is the entry immediately to the left of j in T? It must be some
k < j, since T is standard, but by assumption k is strictly left of j in T and hasn’t moved to the
rightin T.

Let S denote the standard tableau s;s;11 ...5j-1T. Then I(ws) = [(wr) + j — 4, so that when
we write ;9,41 ...1j-10r as a linear combination of standard basis elements, vs occurs with
coefficient 1. We claim that vs does not occur with non-zero coefficient in Y3941 ... ¥j_101 for
any other T" with ap # 0: if T is not A-dominated on 1, ..., j, then (defining S’ analogously to
S) we have ;{11 ... Y101 = Us' + Yyas byvy for some by € F; but the fact that T ;ﬂ T’ (by our
choice of T) means that S ¢ S, so vs cannot occur. On the other hand, if T’ is A-dominated on
1,...,j, then the result follows from Lemma 3.9, since S is not weakly A-dominated on 1,...,j
as j—1 and j are in different components of T.

So vs occurs with non-zero coefficient in ZTEStd(y) arPaPas+1 - - - Pj-101, @ contradiction. O

The last thing we need for the proof of Theorem 3.6 is the following.

Lemma 3.11. Suppose «1, . .., k; are distinct, and that T € Std(u) satisfies i(T) = iy. If T is A-dominated
on1l,...,j—1and j appears in the (1, 1)-position of its component in T,, then T is A-dominated on
1,...,].

Proof. Suppose not; then j appears in T strictly to the right of where it appears in Ty. This
means that j must appear in the (1,1)-node of some component of T, since otherwise there
would be a smaller entry immediately above or to the left of j, contradicting the assumption
that T is A-dominatedon 1,...,j—1.



18 Matthew Fayers & Liron Speyer

So there are 1 < r < s < I'such that Ty(1,1,s) = j = T(1,1,7). Hence ks = (ia); = i(T); = xy,
contrary to assumption. O

Proof of Theorem 3.6. Suppose ¢ : S; — S, is a homomorphism, and write

p(z)) = Z arvr for somear € F.
TeStd (1)

We must show that every T for which ar # 0 is A-dominated. In fact we show by induction on
j that every such T is A-dominated on 1, ..., j, with the case j = 0 being vacuous. So suppose
j = 1, and assume by induction that T is A-dominated on 1,...,j—1. Note that since ¢ is a
homomorphism, we have i(T) = i,.

If j =1 or j lies in an earlier component of T, than j—1, then j lies in the (1, 1)-node of its
component in T;. So by Lemma 3.11 T is A-dominated on 1, ..., j. The remaining possibilities
are that j > 1 and that one of

=W g j-l-onj j-1/n]
occurs; these cases are dealt with in Propositions 3.8 and 3.10. m|

We immediately see the following interesting result.

Corollary 3.12. Supposee # 2and that x1, ..., kjaredistinct. If A, u € ﬁ,ﬂ with Hom », (Sp, Sy) # {0},
then A & u. Furthermore (since Std)(A) = {Ty}) Hom. (Sy,Sp) is one-dimensional. In particular, Sy
is indecomposable.

Remarks.

1. The authors thank an anonymous referee for pointing out that in the case where ¢ = o
or IF contains a primitive eth root of unity, Corollary 3.12 can be deduced from results
of Rouquier. In this case 7%, is isomorphic to an Ariki-Koike algebra defined at an eth
root of unity, and [R1, Theorem 6.6] shows that under precisely the same hypotheses as
Corollary 3.12 there is a cyclotomic g-Schur algebra which is a 1-faithful quasi-hereditary
cover of the Ariki-Koike algebra. This means that the Schur functor for these algebras
maps the space of homomorphisms between Weyl modules bijectively to the space of
homomorphisms between the corresponding Specht modules. Since the cyclotomic g-
Schur algebra is quasi-hereditary, the conclusions of Corollary 3.12 hold for Weyl modules,
and hence they hold for Specht modules too.

2. If e = 2 then S) may be decomposable. For example, when [ = 1 and char(F) # 3, the
Specht module S5 12)) is decomposable; this was shown in [J, Example 23.10(iii)] in the
case char(F) = 2, and in [S, Theorem 6.8] in odd characteristic. Similarly, when x; = «;
for some i # j, we can have decomposable Specht modules: take x = (0,0), e = 3 and
char(IF) # 2; then S((3) (3)) is decomposable.

In exactly the same way, we can prove the corresponding result for row Specht modules.

Theorem 3.13. Supposee # 2and that x1, ..., xjaredistinct,and A, u € BZ’L Then DHom, s, (SA,S”) =
Hom ; (S",S*). Hence Hom ,(S",S*) # {0} only if A < y, Hom (S, S") is one-dimensional, and
S is indecomposable.
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3.3 Duality for dominated homomorphisms

In this section we consider the relationship between row and column Specht modules,
as well as the relationship between Specht modules labelled by conjugate multipartitions.
These relationships are encapsulated in [KMR, Theorems 7.25 and 8.5], from which it follows
that a (generalised) column-removal theorem for homomorphisms between Specht modules is
equivalent to the corresponding row-removal theorem. The main result of this section, which
requires considerable additional work, is that the same is true for dominated homomorphisms.

Following [KMR, §3.2], let 7 : J¢, — 7, denote the anti-automorphism which fixes all the
generators e(i), yr, s, and define 7 : J4, — 4, by combining these maps for all a. If M =
@ ez, M is a graded J7;-module, let M?® denote the graded module with MZ‘) = Homp(M_,4, F)
for each d, with %;-action given by (hf)m = f(t(h)ym) form € M, f € M® and h € J,. Also,
for k € Z, let M(k) denote the same module with the grading shifted by k, i.e. M(k); = M.
Finally, recall the defect def(A) of a multipartition from Section 2.5.

Theorem 3.14 [KMR, Theorem 7.25]. Suppose A € 2. Then
S' = (S)%(def(A)y  and Sy = (SM)P(def(A)).

Now suppose A, u € Z.. Applying Theorem 3.14 to both A and u gives an isomorphism of
graded vector spaces

Hom  (S#,S") = Hom 4, (Sf?(def(y)), S®(def(A)));

since by Lemma 2.8 def(1) = def(u) for any A and p with Hom s, (S*,S") # {0}, this yields an
isomorphism of graded vector spaces
Hom ¢, (S#,S") = Hom 4, (S, S3)-

T is a homogeneous map of degree zero, so Hom (Sf?,Si)) is canonically isomorphic as a

graded vector space to Hom 4, (S;,S,), and hence we have an isomorphism of graded vector
spaces
® : Hom x;,(Sy, Sy.) — Hom y, (S*,SY).

Our aim is to prove the following.

Proposition 3.15. Suppose A, u € 2., and let © : Hom 4, (S;,S,) — Hom x (S*, S1) be the bijection
above. Then ®[DHom 4,(Sy,S,.)) = DHom 4, (S*,SY).

We shall prove Proposition 3.15 below. First we examine the consequences for row and
column removal. In order to be able to compare row and column removal, we combine
Proposition 3.15 with a result which relates to an analogue of the sign representation of the
symmetric group. Following [KMR, §3.3], let sgn : 7%, — %, denote the automorphism which
maps e(i) — e(—i), y» = —y,and s = - foralli, r, s, and define sgn : 74, — 7, by combining
these maps for all a. Given a graded JZ;-module M, let M®¢" denote the same graded vector
space with the action of .77, twisted by sgn.

Recall that if A is a multipartition, then A’ denotes the conjugate multipartition to A, and
that if S € Std(A), then S’ € Std(A’) denotes the conjugate tableau to S. Also define the conjugate
e-multicharge ¥’ := (=x,...,—x1). Now the following is immediate from the construction of
row and column Specht modules.
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Theorem 3.16 [KMR, Theorem 8.51. Suppose A € .. Then there is an isomorphism (S'<)8n =
Sy of H-modules, given by v° +— vsr.

Remark. Theorem 3.16 is one place where it is essential that we consider Specht modules as
modules for 7, rather than its cyclotomic quotients, since the two modules involved are
defined relative to different e-multicharges.

Now suppose A, 4 € .. Since sgn is a homogeneous automorphism of %, we have an
equality of graded vector spaces

Hom , (($)%", (§")%#") = Hom 4, (5", 5'%), *)
Combining this with Theorem 3.16, we have an isomorphism of graded vector spaces
Hom (S, Sae) = Hom (St sy, ()
Applying Theorem 3.14 yields an isomorphism of graded vector spaces

Hom%(SW/,SMKf) = Hom;fﬂ(SMK, SMK)' (II:)

We want to show that the same holds for dominated homomorphisms; this is immediate when
e > 2 and «y,...,x; are distinct, by Theorem 3.6. In general, we observe that (+) remains true
with Hom replaced by DHom, and the explicit form of the isomorphism in Theorem 3.16 shows
that (t) does too, since S € Std,/(A’) if and only if S” € Std"(A). Finally, Proposition 3.15 shows
that () remains true for DHom too. So we have the following theorem.

Theorem 3.17. Suppose A, i € &, Then there is an isomorphism of graded vector spaces
DHomjﬁ (S/\IK/ SMK) = DHom,;fn (SH'|K" S/\/|K/).

It remains to prove Proposition 3.15; for the remainder of this section, all Specht modules
are defined for the e-multicharge «.

We begin by recalling how the isomorphism S* = S7(def(A)) in Theorem 3.14 is constructed.
Given the standard basis {vr | T € Std(A)} for Sy, let {fT | T € Std(A)} be the dual basis for S¥;
although the elements fT in general depend on the choice of the elements vr (i.e. on the choice
of preferred reduced expressions), it is an easy exercise to show that the element f ™ does not.
The isomorphism S* — S¥(def(1)) is defined by z* > fT".

Lemma 3.18. Suppose A € 2., and let O : S* — S} (def(A)) be the isomorphism constructed above.
1. Forany S € Std(A) we have 0*(v%) € (fT| T € Std(A), T > S)p.
2. 0" maps the space (vS | S € Std"(A))r bijectively to the space (fS | S € Std"(A))p.

Proof.

1. ForeachT e Std(A), write 7(°)vr = Yyesta(r) 4ruvy. Then one can check that the definitions
give 0M(05) = Yoresia(r) drma f - So it suffices to show that arpn = 0 when T % S. Clearly to
prove this it is sufficient to show this in the case where F = C, and so (as in the proof of
[KMR, Theorem 7.25]) we can invoke the proof of [HM, Proposition 6.19]; here 64 is given
in the form x — {x, =}, for a bilinear form {, } : $* x Sa(def(1))y — C satisfying {05, 01} = 0
unless T & S, which is exactly what we want.
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2. From (1) and Corollary 3.2(2) we have 01(v°) € (fT | T € Std"(A))r whenever S € Std"(A),
so 61 ((Z)S |S e Std“(/\))) C (f5|S € Std*(A)). But 0" is an isomorphism of vector spaces

and
dimz(v® | S € Std"(A))r = [Std*(A)| = dimp(f® | S € Std"(A))r,

so in fact 0} ((v° | S € Std"(A))=) = (f* | S € Std"(A))r. O

Lemma 3.19. Suppose A, u € L@fq Suppose S € Std(A) and U is a A-tableau such that ws > wy and
that for every 1 < i < n the number i appears in U weakly to the right of where it appears in T#. Then
S € Std¥(A).

Proof. Using Lemma 3.1(2) we just need to show that Shape(S,,,) > Shape(T’fm) for all m.
Let U. be the column-strict tableau which is column-equivalent to U. Then by Proposition 2.1
wy = wy,. By Proposition 2.5, we have that Shape((Uc) ;)" & Shape(S,,)’ for all m. Furthermore,
the condition that every entry in U, lies weakly to the right of where it lies in T is equivalent
to every entry in (U.)" lying weakly below where it lies in (T#)’, so we necessarily have that
Shape((Uc);m)" < Shape(Tfm)’ for all m. Reapplying Proposition 2.5, we have wy_ = wrx. m]

Lemma 3.20. Suppose A, u € P!, S € Std(A) \ Std"(A) and T € Std,(u). Then when Ysvy is expressed
in terms of the standard basis {vy | U € Std(u)}, the coefficient of vru is zero.

Proof. Suppose to the contrary that v« does appear with non-zero coefficientin {sor = Psiprz,,.
Let s, ...s;, and sj, ...s;, be the preferred reduced expressions for ws and wr respectively.
Then by Lemma 2.16 there is a reduced expression for w occurring as a subexpression of
Si, ---8i,Sj, - - - 8j,- If we separate this reduced expression into two parts, which occur as subex-
pressions of s; ...s;, and s}, ...s;, respectively, and let w, x denote the corresponding elements
of S,, then we have

W< Wws, X < W, wx = w, (w)+1(x) = l(ww).

Putting V = xT,, we have V € Std(u) by Lemma 2.3, and in fact V € Std;(u) (using Corol-
lary 3.2(1), because wy < wr and T € Std(u)). If we let U = wT, then, as functions [u] — [A],

-1 _ 71 _ 71
Uit = T T, = TV

The fact that V is A-dominated can be expressed as saying that the map Tle : [u] — [A] maps
any node of p to a node weakly to the right. So each entry of U appears weakly to the right
of where it appears in T#, i.e. U satisfies the hypotheses of Lemma 3.19. Hence by Lemma 3.19
S € Std"(A), contrary to hypothesis. m|

Proof of Proposition 3.15. We shall prove that ®(DHom x;,(S,,5,)) € DHom 4, (S*,8Y); the
same argument with A and u interchanged and with row and column Specht modules inter-
changed proves the opposite containment.

Suppose ¢ € DHom,(S5,Sy), and write ¢(z1) = Yrest,(y) @101 for some ar € F. Let
PP Sff — S7 denote the dual map. We want to show that the homomorphism ©(p) which
corresponds to ¢® via Theorem 3.14 is row-dominated, i.e. ©(p)(z") € (v° | S € Std*(A))r. By
the construction of the isomorphism S* — Sff and by Lemma 3.18, this is the same as saying
that ®(f™) € (fS | S € Std*(A)); in other words, ®(f™)(vs) = 0 when S € Std(A) \ Std"(A).

@® is given by f + fo@. In particular, p®(f™) = f o @, which maps vs to the coefficient
of v in P(vs) = Y 1esta A0 arPsvr. By Lemma 3.20 this coefficient is zero when S ¢ Std* (1), and
the result follows. ]
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4 Column removal for homomorphisms

Now we come to the main results of the paper, which give row- and column-removal
theorems for dominated homomorphisms between Specht modules.

4.1 Generalised column removal for multipartitions

Definition. Suppose A = AD, ., A0y e L@fl For any 1 < m <[ and any ¢ > 0, define /\{m)’c
to be the partition consisting of all nodes in the first ¢ columns of A, and Agﬂ ' the partition
consisting of all nodes after the first ¢ columns of A That is,

(/\im)’c),- = min {/\l(.m), c} , (/\g")’c)i = max {/\l(.m) -, O} foralli > 1.
Now define

AR = AR(e,m) = (AD, ..., Am=D, 2006,

A = Ap(em) = (A, 200D, A0,
Here is an enlightening pictorial representation of this construction, with/ =3, m = 2and ¢ = 3.

AL AR

A0

1@

A0

third column of component 2

Now we consider tableaux. Suppose Ap, Ar are as above, and let n;, = |Ar| and ng = [AR].
Given Tr, € Std(Ar) and Tr € Std(Ar), define Ty #Tg to be the A-tableau obtained by filling in
the entries 1, ..., 1, as they appear in T;, and then filling in the entries n;, +1,...,nas1,...,ng,
respectively, appear in Tr. Observe thatif T € Std(A) and the integers 1, ..., ny, all appear in T in
column c of component m or further to the left, then T has the form T #TR for some Ty, € Std(Ar)
and Tr € Std(Ar). We write Stdir(A) for the set of T € Std(A) with this property.

Example. Take/ =3 and A = ((3), (2%, (2, 1)). Taking m =2 and ¢ = 1, we get

A= (),e0),  Ar=(@)01%).
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If we choose

TL= 1], Tr = 2[3]5],

then we obtain

4.2 Simple row and column removal

Theorem 4.1 (Graded Column Removal). Suppose A, u € &) and 1 < m < I Suppose that
Alm+l) — oo = A0 = H(m+1) = .. = H(l) =&, and k == (A", = (‘u(m)/)l. Let Ag = Ar(1,m),
ur = ur(1,m) and kg = (x1, ..., Km-1, Kn +1). Then

DHom , (Saje, Spie) = DHom sz, (Sagjxrs Surlir)
as graded vector spaces over F.

Remark. Recalling Theorem 3.6, this result in factimplies that Hom s, (Sajx, Su) = Hom z,_ (Sagig Splir)
when e # 2 and «;, ..., x; are distinct.

Proof. We construct the isomorphism explicitly in the KLR setting. First note that we may
assume A > u, since otherwise Std),(ur) = Stdy(u) = 0 and the result is immediate. We
also observe that cont(1) = cont(u) if and only if cont(Ar) = cont(ugr); if these conditions do
not hold then the result is trivial since both homomorphism spaces are zero, so we assume
cont(A) = cont(u), and set a := cont(A), § := cont(AR).

For this proof we make an assumption about the choice of preferred reduced expressions
defining the standard bases for S, and Sy.. Given T € Std,,(ur), we define T* := T #T,
where

L= pc(l,m) = (15, 2,...,0) e 2

In other words, T* is obtained from T by increasing each entry by k, adding the column |1 | at

the left of component m, and then adding / — m empty components at the end. Now recall the
maps (both denoted shifty) from &, to S, and from .73 to /%,. Observe that for T € Std , (ur)
we have wr+ = shifty(wr). By choosing compatible reduced expressions for wr+ and wr, we
may assume that i1+ = shift, (i) as well.

Now let c = (/\%m))i. Then the entries 1, ..., c all appear in the first column of component m
in Ty, and hence if T € Std . (ur) these entries all appear in the first column of component m of
T. In particular, wr fixes 1, ..., ¢, so i1 only involves terms ¢; for j > ¢; hence i1+ only involves
terms ; for j >k +c.
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Now suppose pr € DHom . _, (S)gjxrs Spglig)- Then

Pr(zAx) = Z atvr for some ay € F.
TGStdAR (ur)

We define ¢ : Syc = Sy by

P(z2) = Z arvr+.
TEStd/\R (ur)

We must verify that this does indeed define a homomorphism, i.e. that h¢(z)) = 0 whenever
h € Ann(z,). (Here and henceforth we write Ann(z,) for the annihilator of z,.) Firstly, note that
if T € Std,(ur) with ar # 0, then T has residue sequence i,,; this implies that T* has residue
sequence i,, so that e(iy)p(z1) = @(za), as required. For the other relations, observe from the
defining relations for the column Specht module that shift;(Ann(z,,)) € Ann(z,) (and similarly
for ug and p). Now for k < j < n we have y; x € Ann(z,,), so (since ¢r is a homomorphism)
Yjk Lrarpr € Ann(z,,). Hence

Ann(zy) > shifty [yj_k Z uTlpT] =y Z arr+,
T T

so that y;p(z1) = 0. A similar statement applies to ¢; whenever k < j <nwith j |1, j+1, and
to any Garnir element g4 where A does not lie in the first column of component m.

It remains to check the generators of Ann(z,) which do not lie in shifty(Ann(z,,)), i.e. the
elements v1,..., Yk, ¥1,...,Pr-1 and ga for A of the form (j,1,m) with 1 < j < c. Let h denote
any of these elements, and observe that since each {7+ is a product of terms 1; withi > k+c¢, h
commutes with ¢1+ (note that if i = g(;1,m), then h only involves terms 1); for i < k +¢). Hence

ho(zy) = hZ arrezy = Zaﬂ;}vhz# =0,
T

T

since h € Ann(zy).

So Ann(z))p(zy) = 0, and ¢ is a well-defined homomorphism. So we have a map @ :
DHom y,_, (Sagjkgs Sprig) — DHOm  (Sajx, Sype) given by pr — ¢, and @ is obviously linear. To
show that @ is bijective, we construct its inverse. Any S € Std)(u) must have entries 1,...,kin
order down the first column of its mth component; that is, S = T* for some T € Std,,(ur). So
given 0 € DHom y, (Saj, Sujc), we can write

O(zy) = Z arvp+ for some ar € F.
TeStdAR(‘uR)

Applying (a simpler version of) the above argument in reverse, we see that we have a homo-
morphism O : Sy, — Sy, given by

Or(z1g) = Z aror.

TEStdAR (ur)

So we get a linear map DHom s, (S, Syi) = DHom z_ (Sagjs Surig) Which is a two-sided
inverse to @, and hence @ is a bijection.
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Finally, to show that we have an isomorphism of graded vector spaces, we show that @ is
homogeneous of degree 0. That is, if 0 # pr € DHom y;_, (Sagjig, Syging) 18 homogeneous, then
@ is also homogeneous with deg(¢) = deg(pr). To see this, we write

Pr(zAg) = Z‘ atvr for some ay € F.
TGStdAR (ur)

Then

P(zp) = Z aror+,
TGStdAR([JR)

and for each T with at # 0 we have
codeg"(T*) — codeg"(T)) = codeg"*(T) — codeg *(T,,) = deg(@r).
Hence ¢ is homogeneous of degree deg(¢r). |
Now we make corresponding definitions for row removal.

Definition. Suppose A € L@,ll Forany 1 < m < land any r > 0, define

AT = A A 0,0, AT = (A A

r1r Apgr o )-

Now let
At = Ar(r,m) = (AD, . 20D 20,
Ap = Ap(r,m) = (AU, A0, A0,
and set nt = |A1| and ng = |Ag|.

Corollary 4.2 (Graded Row Removal). Suppose A, u € P} and 1 < m < L. Suppose that A1) =
o= A =y O == ) = g and k= A = W Let A = Ag(1,m), up = up(1, m) and
kg = (Km— 1, Kme1, ..., %1). Then

DHOI’I‘[% (SAIK/ S[J|K) = DHom%‘;,_k (S/\B|KB/ S[JB|KB)

as graded vector spaces over F.

Proof. DHom y, (Saj, Supe) = DHom sz, (Syj, Savjr) by Theorem 3.17,
= DHom s, , Sy itxsy - Stawy 1wy ) by Theorem 4.1,
= DHom y,_, (Sagixss Suslxs) by Theorem 3.17 again. O

Now we prove a ‘final-column removal” theorem, where we assume that the rightmost
non-empty columns of A and p are in the same place and of the same length.

Theorem 4.3 (Final Column Removal). Suppose A, u € P, and 1 < m < L. Suppose AV = ... =
A1) = y(l) =...= y(m‘l) =g,d:= /\gm) = ”({rz) and k = ()\(m));l = (‘u(m));l. Let Ay, = Ap(d—1,m),
pr = pr(d—=1,m) and x, = (K, ..., 7). Then

DHOl’n%ﬂn (SMK, SMK) = DHomjfn_k (S/\LIKL' Sth{L)

as graded vector spaces over F.
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Proof. We first use Corollary 4.2 to remove the first k rows of length d from both A" and u.
We obtain

DHom y;, (Saji, Supe) = DHomuz,_, (Sagis s Susics)

where Ap = Ag(k, m), up = ug(k, m) and kg = (k, —k, k2, ..., k7). We then use Corollary 4.2 again
to add k rows of length d — 1 to the top of both /\g”) and yg”). We obtain

DHom%’Z—dk (S)\B 13:% S#BlKB ) = DHom%;_k (SALlKL ’ S.ULlKL )
which gives the result. O

It will be helpful below to be able to give a direct construction for final-column removal,
as done in the proof of Theorem 4.1 for first-column removal. We assume the hypotheses
and notation of Theorem 4.3, and for ease of notation we assume that Sy and S, are defined
using the e-multicharge x, while S;; and S, are defined using k.. We can also assume that
cont(A) = cont(u) =: a, and hence cont(A1) = cont(ur) =: p.

We identify G,_; with its image under the map shifty : S,y — &, and similarly for /7 and
. As in the proof of Theorem 4.1 we make an assumption on preferred reduced expressions:
given a standard iy -tableau T, we define T* to be the standard p-tableau obtained by adding a
column with entriesn —k+1, ..., n at the right of component m; then we have wr+ = wr, and we
assume that our preferred reduced expressions have been chosen in such a way that i+ = 1.

Lemma 4.4. With the above notation, we have Ann(z,, ) = Ann(z,) N .

Proof. It follows directly from the presentation for column Specht modules that Ann(z,,) C
Ann(z,) N 7, so we must show the opposite containment. Consider the #3-submodule 75z,
of S, generated by z,. For any T € Std(AL) we have vr+ = P1+2) = Y1z, € H3z), and the vr+ are
linearly independent, so dimp .73z, > |Std(AL)| = dimp Sy, . So we have

dimg %3z, > dimp Hpz,, ,
ie.

. BN
1 Ann(z)) N~ 1o Ann(z,,)’
and so Ann(z,, ) 2 Ann(z,) N 7. O

Now we consider dominated homomorphisms. Observe that since A and u have the same
last column, Std,(u) = {T+ | T € Std, (ur) } So if ¢ € DHom 4 (S4,Sy), then we can write

Q(z)) = Z arvr+  withap € F.
TGStdAL(yL)

Then we can define a homomorphism
@ S/\LlKL - S#LlKL

Z)p Z aror.
TeStd).L (pr)
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To see that this definition yields a well-defined homomorphism, we must show thath )\ arvr =
0 whenever h € Ann(z,, ). By Lemma 4.4 we have I € Ann(z,), and hence (since ¢ is a homo-
morphism) h }yarvr+ = 0; in other words, 1 } .7 arr € Ann(z,). We also have h } .y aryr € 73,
so by Lemma 4.4 again (with A replaced by u) h } 7 aripr € Ann(z,, ), as required.

So we have a map ¢ — ¢~ : DHom (Syi, Sue) — DHomyz (S e, Suppe ). This is
obviously an injective map of degree 0, and hence (by Theorem 4.3) a graded isomorphism.

4.3 Generalised column removal

Armed with first-column removal and final-column removal, we can now consider gener-
alised column removal. In what follows, we fixc > 0and 1 < m </, and for any v € ﬁfl we
write vi, = vi.(c, m) and vg = vr(c, m). We suppose A, u € @,ﬁ, and assume that [Ay| = |ur| =: ng,
so that [Ar| = |ur| = n —ny =: ng. We also assume that A = p. This assumption implies that
AL & pp and AR B pr, which in particular gives

A > @y = ™y,

so that it is possible to define a multipartition Ay #uR € @,’1 with (AL#ur)L = AL and (AL#uR)R =

HR-
We write k1, = (Kp, ..., K1), kKR = (K1,...,Kn +¢), 4, = 4, and Hr = ;. For ease of

notation, we will assume throughout the following that the Specht modules S,, S, and Sy, 4,
are defined using the e-multicharge x, while S), and S, are defined using i and S,, and S,
are defined using «R.

Suppose @1, € DHom 4 (S),, Sy, ) and gr € DHom y4(Sa,, Sur), and write

pLza) = Z asvs,  Pr(21;) = Z bror
SEStd)LL(yL) TEStd)\R(}lR)
with coefficients as, br € F. If there is a homomorphism ¢ : S, — S, satistying
P(zyr) = Z asbrusyr,

SES’td,\L (HL)
TeStd g (UR)

then we write ¢ = @1 #¢R, and say that ¢ is a product homomorphism.
Lemma 4.5. Every product homomorphism Sy — Sy, factors through Sy, #,y.

Proof. Suppose that ¢ = @ #gpg is a product homomorphism, and as above write

pL(zy,) = Z asvs, Pr(zag) = Z bror.

SeStd;\L(‘uL) TeStdAR(yR)
Now define
(pL#id . S/\L#PR —> S# id #(PR . S)\ —> S/\L#“R
ZA g P Z ASUSHT, zZ) — Z bror, #r.
SeStd,\L(yL) TeStd,\R(yR)

Then ¢y #id and id #¢R are both .7%,-homomorphisms; this follows from the direct constructions
of column-removal homomorphisms in the proof of Theorem 4.1 and following the proof of
Theorem 4.3. Clearly (¢L#id) o (id #¢Rr) = ¢, so ¢ factors through S, #,,- |
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Proposition 4.6. Assume the hypotheses and notation above. Then every ¢ € DHom 4, (S5,S,) is a
sum of product homomorphisms.

Proof. We may assume that cont(1) = cont(u) (since otherwise there are no non-zero homo-
morphisms S, — S;). So for this proof we write & := cont(1) and define shifty to be the
map from 7, to ./, obtained by combining the maps shifty : % — %, for all p € Q of
height ny; similarly, shift,, denotes the map from J%; to /%, obtained by combining the maps
shift,, : H#p — 4, for all € Q" of height ng.

For this proof we make an assumption about the choice of preferred reduced expressions
similar to that in the proof of Theorem 4.3. Specifically, we assume that these expressions have
been chosen in such a way thatif S € Std), (ur) and T € Std . (ur), then the preferred expression
for wsyr is just the concatenation of the preferred expression for ws with the expression obtained
by applying shift,, toevery term in the preferred expression for wr. Hence isyr = s shift,, ({1).

Now we show that every dominated homomorphism S; — S, is a sum of product homo-
morphisms. To do this, we first discuss dominated tableaux. Note that the conditions on A
and p imply that Std,(u) = {TL#TR | T € Stdy, (1), Tr € Std;\R(yR)} . Choose a total order » on
Std,(u) with the property that if R, S € Std,, (ur) and T,U € Std,, (ur), then

R#T » R#U &= S#T » S#U and R#T » SH#T < R#U » S#U.

(For example, we could do this by choosing total orders »,»r on Std,, (ur), Std,(ur) and
setting V » W if and only if Vi, »1, Wy, or (V, = Wy, and VR »R WR).)

Now suppose ¢ : S5 — S, is a non-zero dominated homomorphism, and write ¢(z,) =
Y. Testd () 410t with each ar € F. Let Ube the largest tableau (with respect to ») such that ay # 0,
and proceed by induction on U.

Claim. Let U denote the set of tableaux T € Std,(u) such that TR = Ur. Then there is an
76 -homomorphism

(Plli : SAL - S.UL

Z)p Z aror.
Teld

Proof. First we make an observation, which follows from the construction of Specht
modules and our assumptions on preferred reduced expressions. If W € Std)(u) and
h € 74, and we write hoy, = ZTE&C[(“L) brog, then shifty(h)oy = ZTGStd(yL) brotsg. In
particular, shifty(h)vy is a linear combination of basis elements vs for S € Stdir(u) with
SR = WR.

Now take h € Ann(z,,). Then shifty(h) € Ann(z,), so shiftg(h)ZTestd/\(#) aror = 0 (be-
cause ¢ is a homomorphism). If we look just at shift(h) ) ,cq; arvr, then by the previ-
ous paragraph this lies in (vr | T € Stdir(i), Tr = Ur)y, While shifty(h) Y.7¢q, arovr lies in
(vr| T € Stdir(u), Tr # Ur)p. The vy are linearly independent, and hence

<UT | Te StdLR([.l), TR = UR>F N <UT | T e StdLR(y), TR # UR>IF =0.
Hence shifty(h) Y req 10T = 0.

Define a linear map #UR : Sy, — S, by vr > vy, for T € Std(ur). Then, from above, we
have
(hm)#UR = h(m#UR)
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for any h € s and any m € S, . So for each h € Ann(z,, ), we have h }'\1cq arvr, = 0.

We can do essentially the same thing left and right interchanged; that is, if we let U’ =
{T € Stda () | T = UL}, then we have an J%z-homomorphism
(PIIJ{ P Stk = Sk

Z)g Z arorg.
TeU’

As in the proof of Lemma 4.5, we construct homomorphisms
@ #id : Sy e — Sy id #p} 1 S) — St surs

whose composition is the product homomorphism @{#¢} : Sy — S,.. vy appears with non-zero
coefficient (namely 42) in @[ #pp, and U is maximal (with respect to the order ») with this

property. So if we consider the homomorphism & = ¢ — al(pL#(pR, then (if & # 0) the most
U

dominant tableau occurring with non-zero coefficient in £ is smaller than U. By induction ¢ is
a sum of product homomorphisms, and hence so is ¢. |

Now we can prove our main result.

Theorem 4.7 (Generalised graded column removal). Suppose A, i € 3”,11, c>20andl <m <l
and define Ay, AR, pr, Ur as in Section 4.1. Assume |Ar(c,m)| = |ur(c,m)| =: ny, and |Ar(c,m)| =
|ur(c, m)| =: ng for some fixed c > 0 and 1 < m < land define 4, = I, and I = I,

1. For any @1 € DHom y4 (Sp,, Sy, ) and pr € DHom 4 (Say, Syr), there is a product homomor-
phism @L#@r € DHom 4, (S4, Sp).

2. The map @1, ® pr > @L#QR defines an isomorphism of graded F-vector spaces

DHomfyfi (SAL, S#L) ® DHome%oR (SAR, S“R) = DHomt%an (SA, Sy).

Proof. First suppose A £ . Then Std,(u) = 0, so DHom 4,(Sy,S,) = 0. Furthermore, we have
either Ap % up or AR ¥ ug, so that either DHom y (S;,,S,,;) = 0 or DHom 4 (Syg, Sz) = 0. So
the result follows.

So we can assume that A & u, which allows us to define the multipartition Ap #uR as above.
Applying Theorem 4.1 repeatedly, we have

DHomJﬁl (SA/ S/\L#yR) = DHom% (S/\R/ S,UR)
Similarly, by Theorem 4.3 applied repeatedly we have
DI‘IOIH;;{;1 (S/\L##R’ S#) = DHomjfL (SAL/ S.UL)'

Combining these isomorphisms, and using the explicit constructions given above, we have an
isomorphism of graded vector spaces

DHom 4 (Sp,, Sy ) ® DHom 4 (Sag, Spig) SN DHom s, (Sp, #ug, Sp) ® DHom i, (S, Sa, #z)
PL® PR F (pL#1d) @ (id #¢pR).
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Composition of homomorphisms yields a map
@ : DHom y, (S), #ur, Sp) ® DHom s, (Sp, Sy, #ur) — DHom , (Sy, Sy)

which is homogeneous of degree zero, and by Lemma 4.5 and Proposition 4.6 w is surjective.
So we have a surjective map

DHOl’njgoL(SAL,S‘uL)®DH0mM{(SAR, SHR) — DHOl’njgon(S/\, SH)
PLB PR > PLFPR.

This map is easily seen to be injective, and the result follows. O

Remark. Analogous results for graded decomposition numbers have recently been obtained
by the second author and Bowman [BS], in the more general setting of the ‘diagrammatic
Cherednik algebras” of Webster.

44 Generalised row removal

Now we consider generalised row removal for homomorphisms between column Specht
modules. Fix 1 < m < land r > 0, and for any v € & write v = vy(r,m), vg = vp(r,m).
Suppose A, u € 9}1 with [A1| = |ut| =: nt, so that [Ag| = |up| = n —nt =: ng. Set k1 = (k1,..., %K)
and kg = (Kpy =7, Kps1, - - -, K1), and write 4 = 74, and s = J7,,. In what follows we shall
take S5, and S, to be defined with respect to the e-multicharge x, S, and S, with respect to xr,
and S, and S;;; with respect to xp.

With this notation in place, we can state a generalised row-removal theorem for homomor-
phisms. This follows from Theorem 4.7 using Theorem 3.17 in the same way that Corollary 4.2
is deduced from Theorem 4.1.

Theorem 4.8 (Generalised graded row removal). Suppose A, i1 € @,’1, r>0and1 <m < land
define A1, Aw, Ut, uB, 1, N, H1, 78 as above. Then there is an isomorphism of graded F-vector spaces

DHOD’I%(S/\T, SHT) ®DHOI’I’I%(SAB, S[JB) = DHOmjfn(S/\, Sy).

Our proof of Theorem 4.7 gives a direct construction of the column-removal isomorphism,
but a direct construction for row removal seems to be hard to obtain, especially using the
standard bases for column Specht modules.

Example. Take e =2 and x = (0,1,0). Let A = ((12), (2,1%), (1)) and p = ((1), (3,1), (3)), and take

(m,7) = (2,1), so that At = ((12), (2)), As = ((1%), (1)) and pr = g = ((1), (3)). Set xr = (0, 1) and
kg = (0,0). Then (regardless of the field I) the graded dimensions of DHom s (Sx;jxr, Syrficr)
and DHom s (Sais, Syglxs) are v and 1 respectively. So by Theorem 4.8 the graded dimension
of DHom 4 (Sjjx, Suj) is v. The unique (up to scaling) homomorphisms

S/\T B Sy]‘/ S)\B B S[JBI S}l B S/.l
are given by

Z)\p > Us, Z)g > U1, zZ) > vy + 2oy,
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where

S = 3, T= 2], U= 7], v= [7].
1[2]4] 1[3]4] 2/6/8] 6/8]

4
3 =l
1[4]5] 1[2]3]

It seems hard to reconcile these homomorphisms when expressed in this form, except perhaps
in characteristic 2. (Note that the incompatibility of these expressions is not an artefact of
the choice of preferred reduced expressions — the standard basis elements appearing in this
example are independent of the choice of reduced expressions.)

In order to obtain an explicit row-removal construction, it seems to be necessary to use
a different basis for the Specht module. Suppose we have Ag, A1, up and ur as above, with
|uT| = nt = |A7|. Partition the set {1, ..., n} into two sets Sg and St, by defining Sg to be the set
of integers in the bottom part of T, and St the set of integers in the top part; that is,

Sg ={TA(s,c, k)| (s,c, k) € [A] and either k > mork =mand s > r},
St ={Ta(s,c, k)| (s,c, k) € [A] and eitherk < mork =mands < r}.

Letlabg : {1,...,ng} — Spandlabr : {1,...,n1} — ST be the unique order-preserving bijections.
Now given a up-tableau T and a pr-tableau S, define a u-tableau T#S by composing labg
with T and labt with S and “gluing’ in the natural way.

Lemma 4.9. Suppose A and u satisfy the conditions above. If T € Std,,(ug) and S € Std . (ut), then
T#S € Std,(u).

Proof. First we show that T#S is standard. Suppose A and B are nodes in the same component
of [u], with B either immediately to the right of A or immediately below A; then we require
T#S(B) > T#S(A). This is clear from the fact that S and T are standard and the functions labt and
labg are order-preserving, except in the case where A = (r,b,m) and B = (r + 1, b, m) for some

1<b« p?ﬂ So assume we are in this situation.
Letk = /\Yﬂ Then the first k columns of )\(Tm) all have length r. Since Std . (uT) is non-empty

we have At = ut, and hence the first k columns of y(Tm) all have length r also. Hence (since S is
Ar-dominated) S agrees with Ty, on these columns. So we have T#S(A) = labr(T,.(A)) = TA(A).

We also have Ag > up since Std,(ug) # 0, so that k > [uyfi > b (and in particular B € [A]).
Since T is Ag-dominated, we have T(1,b,1) > T,,(1,b, 1), so that

T#S(B) = labgp(T(1, b, 1)) > labp(Ta,(1,b,1)) = TA(B).

So T#S(A) = Ty(A) < TA(B) < T#S(B), as required.

To see that T#S is A-dominated, it suffices to note that since S € Std,,(ut), every element of
St appears in labr(S) at least as far to the left as it appears in T,, and likewise for T € Std,,(uB)
and elements of Sg. O

Now we can give a conjectured explicit construction for the generalised row-removal iso-
morphism for homomorphisms. Recall from Section 3.3 the basis { fr | Te Std(y)} for (S*)¥;

using Theorem 3.14 and shifting the degree of each fr by def(u), we can regard { fr | T € Std(u) }
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as a basis for S;,. Note that by the analogue of Lemma 3.18(2) for column Specht modules, any
¢ € DHom 4 (S5, S;) can be written as

Q(z)) = Z arfr forsomear € F.
TeStd ) (1)

Conjecture 4.10. Suppose A, i € 3”,’1, r > 0and 1 < m < n. Define At, A, ut, us, it, he, 1, 78
as above, and assume |ut| = nt. Suppose pr € DHom 4 (Sa;, Syp) and @p € DHom 44 (Sa, Sy ), and

write
Pszn,) = Y arfr,  @rzi) =) bsfs
TEStdAB([JB) SGStdAT([JT)
with ar, bs € F. Then there is an ;-homomorphism @g#er : Sy — S, satisfying

peHQT(z)) = Z arbs fras-
TEStdAB (HB)

SeStd/\T (ut)

Example. Retaining the notation from the last example, we have

Ty = ,
8

6]

(][]

so that St = {2,6,7,8} and Sg = {1,3,4,5}. Taking S, T and U as in the last example, we get
T#S = U. It is easy to check that

fs =vs, fr=or, fu=ovy+20y,
so the conjecture holds in this case.
Remark. If Conjecture 4.10 is true, then we have a map of graded F-vector spaces
DHom s (Sa;, Sys) ® DHom 4 (Sp;, Syr) — DHom i, (S4, Sy)
@B ® 1 > PBRPT.

This map is obviously linear, and (since the fr are linearly independent) injective. Hence by
Theorem 4.8 itis a bijection. So we have an explicit construction for the generalised row-removal
isomorphism.

5 Index of notation

For the reader’s convenience we conclude with an index of the notation we use in this
paper. We provide references to the relevant subsections.
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def(a)
Al
Z,

1]

>

[A]

A/
Std(A)
TI
ilrj
1/1]

ig1]

Ty

a field

the set of positive integers

the symmetric group of degree n

the Coxeter generators of S,

the Coxeter length function on S,

the left order on G,

the Bruhat order on &,

the shift homomorphism &,, —» S,

the set Z/eZ (or Z, if e = 00)

a quiver with vertex set |

there is an arrow from i to j (but no arrow from jtoi) inT
there are arrows from i to j and from jtoiinT

simple root labelled by i € I

fundamental dominant weight labelled by i € I

invariant bilinear form

the positive root lattice

the dominant weight Ay, +---+ A

(Acla) - 3ala)

the number of nodes of a (multi)partition A

the set of I-multipartitions of n

the unique partition or [-multipartition of 0

the dominance order on multipartitions or tableaux

the Young diagram of a multipartition A

the conjugate (multi)partition to A

the set of standard A-tableaux

the conjugate tableau to T

i and j lie in the same column of T, with j lower than i

i and j lie in the same component of T, with j strictly lower and to the
left of i

i /1 jorilies in an earlier component of T than j

the A-tableau obtained by writing 1,...,n in order down successive
columns

the A-tableau obtained by writing 1, .. ., n in order along successive rows
the permutation for which wiT) =T

the permutation for which w'T* = T

the [-multicomposition formed from the nodes of T whose entries are
less than or equal to m

the residue of a node A

the content of a multipartition A

the defect of a multipartition A

the residue sequence of a tableau T

i(Ty)

i(TY)

the degree of a tableau T

the codegree of a tableau T

the KLR algebra of degree n

33

2.1
2.1
2.1
2.1
2.1
2.1
2.2
2.2
2.2
2.2
2.2
2.2
2.2
2.2
2.2
2.2
2.3
2.3
2.3
23
2.3
23
24
24
24
24

24
24

24
24
24
24

25
2.5
25
2.5
25
25
2.5
25
2.6
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shifty the shift homomorphism J7; — J7; 2.6
g A the cyclotomic KLR algebra determined by x 2.6
Ba the Garnir belt corresponding to a Garnir node A 2.7
ga the Garnir element corresponding to a Garnir node A 2.7
Sa the column Specht module corresponding to a multipartition A 2.7
st the row Specht module corresponding to a multipartition A 2.7
Z) the standard generator of S, 2.7
Pt Yy, ... Py, Where sy, ... sy, is the preferred reduced expression for wr 2.7
(% P12z, 2.7
Std(u) the set of A-dominated standard u-tableaux 3.1
StdA(y) the set of A-row-dominated standard u-tableaux 3.1
DHom ;, (Sp,Sy) the space of dominated homomorphisms from S, to S, 3.2
DHom y,(S",S*) the space of dominated homomorphisms from S* to S* 3.2
M® the graded dual of a graded module M 3.3
M(k) the graded module M with the grading shifted by k 3.3
Stdir(A) the set of A-tableaux in which the entries 1, ..., ny, appear strictly to the 4
left of the entries ny. +1,...,n
AL#AR the multipartition obtained by joining the left and right parts Ay, Ag 4.3
together
TL#TR the tableau obtained by joining the left and right parts Ty, Tr together 4.3
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